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ABSTRACT
Hie e le c t r o n ic  d e n s ity  o f s t a t e s  o f  a  b in a ry  a l lo y  i s  c a lc u ­
la te d  by app ly ing  th e  co h eren t p o te n t ia l  approxim ation method (CPA) to  
a  s in g le  band model H am iltonian  th a t  in c lu d es  d iagonal and o ff -d ia g o n a l 
random elem ents in  a  t i g h t  b in d in g  b a s i s .  The theory  d e a ls  w ith  c lu s ­
te r s  c o n s is tin g  o f a  c e n t r a l  atom p lu s  i t s  n e a re s t  n e ig h b o rs . The CPA 
a n a ly s is  can b e  c a r r ie d  through in  th e  low co n c e n tra tio n  l im i t .  Numer­
i c a l  r e s u l t s  a r e  p re se n te d  f o r  th e  i r r e d u c ib le  elem ents o f  th e  s e l f ­
energy m a trix  ( th e re  a re  s ix  fo r  a  sim ple  cu b ic  d i lu te  a l l o y ) , and fo r  
th e  d e n s ity  o f  s ta t e s  o f  a sim ple cu b ic  d i l u te  a l lo y .  The band t a i l s
a re  found to  depend s e n s i t iv e ly  on d if fe re n c e s  between th e  t r a n s f e r  in -
A8te g ra ls  from an im p u rity  to  a  h o s t atom li and th a t  from one h o s t 
atom to  a n o th e r  h * *  . When H** ^  Vl** band t a i l s  len g th en
so im purity  s t a t e s  a r e  more lo c a liz e d , w h ile  in  the  o p p o site  c a se ,
aft
< |ri ,  th e  t a i l s  a r e  sh o rten ed  so  t h a t  im p u rity  s t a t e s  a re  more ex­
ten d ed . A g e n e ra l iz a t io n  o f  the  average  -m a tr ix  approxim ation  (ATA) 
and i t s  i t e r a t i o n  (LATA) i s  fo rm u la ted  in  th e  c lu s te r  b a s i s .  IATA fa ­
c i l i t a t e s  num erica l e v a lu a tio n s  o f  th e  s e l f - e n e rg ie s  f o r  h ig h ly  concen­
t r a t e d  a l lo y s .
A s in g le  band model c a lc u la t io n  i s  a lso  developed fo r  th e  
e f f e c t  o f u n ia x ia l  s t r a i n  on the  tem p era tu re  v a r ia t io n  o f  th e  e le c ­
t r o n ic  d e n s ity  o f s t a t e s  and th e  e l e c t r i c a l  c o n d u c tiv ity  o f  d iso rd e re d  
b in a ry  a l lo y s .  The r e s u l t s  from th e o r e t i c a l  model c a lc u la t io n s  a re
p re se n te d  and show th&t th e  e f f e c t  o f  u n ia x ia l  s t r a i n  on th e  e l e c t r i c a l  
c o n d u c tiv ity  i s  a  l i n e a r  fu n c tio n  o f th e  s t r a i n  p o te n t ia l  energy imposed.
vi
I. INTRODUCTION
The d i s s e r ta t io n  p re sen te d  h e re  c o n s is ts  o f two p ap e rs : (1)
D ensity  o f  S ta te s  o f  M etal A lloys w ith  Random T ra n s fe r  I n te g r a ls ,  (2) 
S tr a in  E f fe c t  on th e  E le c tro n ic  D ensity  o f  S ta te s  and dc C o nductiv ity  
o f  D iso rdered  B inary  A llo y s . S ince 1967 th e  co h eren t p o te n t ia l s  approx­
im ation  (CPA) has been found to  p rov ide  a  convenien t and a c c u ra te  ap­
p rox im ation  to  d e sc r ib e  d is o rd e re d  system s. In  th e  f i r s t  paper we have 
g e n e ra liz e d  CPA to  a c l u s t e r  form alism  in  o rd e r to  t r e a t  th e  problem  o f 
m eta l a l lo y s  w ith  random t r a n s f e r  i n t e g r a l s .  In  th e  second p ap er, CPA 
has been employed to  c a lc u la te  th e  s t r a i n  e f f e c t  on d iso rd e red  system s.
1
A. DENSITY OF STATES OF METAL ALLOYS WITH 
RANDOM TRANSFER INTEGRALS
I .  INTRODUCTION
The c o h e re n t-p o te n t ia l  approxim ation  (CPA) was dev ised  by Paul
1 2 Soven and D. W. T ay lo r in  1967 and was extended by V elicky , K irk p a tr ic k
3
and E hrenre ich  (VKE) in  1968. V elicky  e t .  a l .  p re se n te d  a sy s tem a tic
d e r iv a tio n  o f th e  co heren t p o te n t ia l  th eo ry  fo r  d iso rd e re d  b in a ry  a l lo y s ,
c l a r i f i e d  i t s  meaning and l im i t a t i o n s ,  and d iscu ssed  n u m erica l r e s u l t s
fo r  a  m oderately  r e a l i s t i c  s in g le -b a n d  model co rresponding  to  a th re e -
d im ensional system . However, they  a p p lie d  th e i r  form alism  on ly  to  a
s p e c ia l  k in d  o f o n e -e le c tro n  H am iltonian w ith  p e r io d ic  o f f -d ia g o n a l term s.
A more r e a l i s t i c  trea tm e n t o f  d iso rd e re d  a l lo y s  would invo lve  a
form alism  to  d ea l w ith  o n e -e le c tro n  H am iltonians th a t  in c lu d e  b o th  d iagon-
4-11a l  and o f f -d ia g o n a l random ness. While s e v e ra l au th o rs  have considered  
th i s  problem , th e re  i s  a t  p re s e n t no com plete form alism . M oreover, most 
o f th e  methods have lo s t  th e  g e n e ra l i ty  th a t  m ight le a d  one to  hope they 
can app ly  to  r e a l  c r y s ta l  s t r u c tu r e s .  This paper p ro v id es  a  form alism  
th a t  im proves th e  s i tu a t io n  by t r e a t in g  r e a l  c r y s ta l  s t r u c tu r e s ,  c lu s t e r s ,  
and u n r e s t r ic te d  random t r a n s f e r  in te g r a l s  a t  th e  p r ic e  o f n e g le c tin g  some 
c o r r e la t io n s  among th e  m u ltip le  s c a t t e r in g s .  S evera l n um erica l examples 
w i l l  d is p la y  c h a r a c te r i s t i c  e le c t r o n ic  d e n s i t ie s  o f s t a t e s  o f d iso rd e red  
b in a ry  a l lo y s  in  which d if fe re n c e s  among th e  random t r a n s f e r  in te g r a ls  a re  
f i n i t e  and u n r e s t r ie te d .
2
3The c o h e re n t-p o te n t ia l  approxim ation i s  a  s e l f - c o n s i s te n t  me­
thod th a t  p r e d ic ts  a l lo y  e le c tro n ic  p ro p e r t ie s  in te rp o la t in g  between 
th o se  o f th e  pure c o n s ti tu e n ts  over th e  e n t i r e  range o f  co n c e n tra tio n s  
and s c a t te r in g  s t r e n g th s .  The s e lf -c o n s is te n c y  c o n d itio n  i s  in tro d u ced  
by re q u ir in g  th a t  th e  c o h e re n t-p o te n t ia l ,  when p laced  a t  each l a t t i c e  
s i t e  o f th e  o rdered  l a t t i c e ,  reproduces a l l  th e  average p ro p e r t ie s  o f
th e  a c tu a l c r y s ta l .  The c o h e re n t-p o te n t ia l  concept h a s  been developed
3 12w ith in  th e  framework o f  th e  m u ltip le  s c a t t e r in g  d e s c r ip t io n  * of d is ­
o rdered  system s. A g iven  s c a t t e r e r  in  th e  a l lo y  can be viewed as being  
embedded in  an e f f e c t iv e  medium w ith  a  complex energy dependent p o te n t­
i a l  whose cho ice  i s  open and can be made s e l f - c o n s i s te n t ly  such th a t  
th e  average forw ard s c a t t e r in g  from th e  r e a l  s c a t t e r e r  i s  th e  same as 
f r e e  p ropag a tio n  in  th e  e f f e c t iv e  medium. T his ch o ice , which i s  o p t i ­
mal among a l l  s i n g l e - s i t e  approxim ations (SSA) b u t n e g le c ts  some c o rre ­
la t io n s  in  th e  s c a t t e r in g  from c lu s te r s  o f  atom s, then  determ ines th e  
e f f e c t iv e  H am iltonian f o r  th e  medium.
The im portance o f c lu s te r in g  e f f e c t s  to  phenomena, particu?--'
l a r l y  to  th o se  e f f e c t s  in v o lv in g  e le c tro n  lo c a l iz a t io n  have been d i s -
13—18 19cussed by s e v e ra l a u th o rs . Cyrot-Lackmann and D u c a s te l le ,
20 21 N ic le l  and Krumhansl, and Schwartz and S ig g ia  have extended th e
s in g le - s i t e  CPA to  ta k e  in to  account p a i r in g  e f f e c t s .  A lthough they
inc luded  s c a t t e r in g  from a l l  p o s s ib le  p a i r s  w ith  v a rio u s  s e p a ra t io n s ,
they  have n o t taken  in t o  account the  e f f e c t s  due to  th e  p resence  o f
4
random o ff -d ia g o n a l e lem en ts. Foo, Amar and Ausloos ex tended  th e
s in g le - s i t e  CPA f o r  a  one-d im ensional l a t t i c e  to  in c lu d e  random o f f -
13d iagonal elem ents and c lu s t e r s .  Free and Cohen fo rm u la ted  a  c lu s t e r  
theo ry  th a t  p rov ides a  sy s te m a tic  b a s is  f o r  q u a n t i ta t iv e  improvements
4over CPA, and allow s fo r  random o ff -d ia g o n a l elem ents in  th e  Hamilton­
ia n . However, t h e i r  form alism  becomes n u m e rica lly  unmanageable as  th e
c lu s te r  s iz e  in c re a s e s  and no num erica l examples have been a ttem pted
9
based on th i s  form alism . Foo, Bose and A usloos a p p lie d  a  c lu s t e r  
theory  to  th e  f i r s t - s h e l l  approx im ation , ig n o rin g  t r a n s i t io n s  between 
second o r  h ig h e r  o rd e r  n e a r  n e ig h b o rs . T h e ir  d is c u s s io n  i s  l im ite d  to  
w e a k -sc a tte r in g  and a lso  la ck s  num erical r e s u l t s .  Fukuyama, K rakauer 
and Schw artz‘S  (FKS) t r e a te d  a  s p e c ia l  case  o f  o ff -d ia g o n a l randomness 
where th e  t r a n s f e r  in t e g r a l  between an a d ja c e n t A and 8 atom p a i r  i s  
th e  mean of t h a t  o f  an A * A p a i r  and a 8 » B p a i r .  T h e ir develop­
ment i s  a lso  r e s t r i c t e d  to  d i l u te  a l lo y s .  From an a n a ly s is  o f  a 
K o s te r -S la te r  s in g le  im p u rity  model, u s e fu l  in s ig h ts  in to  th e  p h y s ic a l 
e f f e c t s  caused by o f f -d ia g o n a l hopping in te g r a l s  a re  fo rm ulated  in  
th e i r  p ap e r. T heir in te r p r e ta t io n s  w i l l  be expanded in  Sec. I I I .
In  th i s  paper we s h a l l  develop a  sim ple form alism  th a t  in ­
cludes r e a l  c r y s ta l  s t r u c tu r e s ,  o f f -d ia g o n a l random ness, and la rg e  
c lu s t e r s .  N um erical e v a lu a tio n  o f th e  r e s u l t a n t  ex p ress io n s  i s  exor­
b i t a n t  b u t s t i l l  p r a c t i c a l .  In  Sec. I I ,  a  m odified  c o h e re n t-p o te n t ia l  
theo ry  in c lu d in g  th e  e f f e c t s  of o f f -d ia g o n a l randomness and c lu s te r in g  
i s  d e riv ed  in  term s of a  s in g le -b a n d  model f o r  th e  a l lo y  H am ilton ian . 
The H am ilton ian  i s  ex p ressed  in  th e  W annier r e p re s e n ta t io n ,  where each 
s i t e  i s  c h a ra c te r iz e d  by a  s in g le  o r b i t a l .  The problem  i s  tru n c a te d  by 
co n sid erin g  a  c lu s te r  th a t  c o n s is ts  o f a  c e n t r a l  atom p lu s  i t s  n e a re s t  
n e ig h b o rs . The form alism  can be e a s i ly  ex tended  to  la r g e r  c lu s te r s  so  
improvements can be t r e a te d  s y s te m a tic a lly .
In  th e  second p a r t  o f  Sec. I I ,  we review  m u l t ip le - s c a t te r in g  
theory  and ex tend  i t  fo r  c l u s t e r s .  The m u l t ip le - s c a t te r in g  method
5becomes u s e fu l I f  th e  T m a trix  can be  decomposed in to  a  sum o f c o n tr i ­
b u tio n s  from a  c l u s t e r  o f s c a t t e r s  a s s o c ia te d  w ith  each s i t e .  A s in g le ­
c lu s te r  approxim ation (SCA), in  analogy to  th e  s in g l e - s i t e  approxima­
t io n ,  in  th e  s ta n d a rd  th eo ry  i s  employed in  our p roced u re . We a re  then 
ab le  to  d e riv e  th e  d e n s ity  o f  s t a t e s  p e r  atom as a  fu n c tio n  o f  s e l f ­
en e rg ies  a s s o c ia te d  w ith  th e  c lu s te r .
In  Sec. I l l  we t r e a t  d i l u te  a l lo y s  by expanding a l l  fu n c tio n s  
in  th e  theo ry  to  low est o rd e r in  th e  im p u rity  co n c e n tra tio n s  w h ile  re ­
ta in in g  th e  s e lf - c o n s is te n c y  c o n d itio n . N um erical r e s u l t s  a re  p re se n t­
ed f o r  th e  elem ents o f  th e  s e lf -e n e rg y  m a tr ix , and fo r  th e  d e n s ity  o f 
s t a t e s  o f a  sim ple c u b ic ,d d i lu te  a l lo y .  The behav io r o f the  subband we 
have c a lc u la te d  in  th e  s p l i t  band l im i t  ag ree s  q u a l i t a t iv e ly  w ith  th a t  
o f FKS."^ The v a r ia t io n  o f m a jo r ity  band a s  a  fu n c tio n  o f th e  hopping 
in te g r a ls  in  bo th  th e  s p l i t  band and th e  n o n - s p l i t  band l im i t s  a re  a lso
computed. F in a l ly ,  in  Sec. IV we apply  th e  average t  m a trix  approxim a-
22t io n  (ATA) and i t s  i t e r a t i o n  (IATA) to  a  h ig h -c o n c e n tra tio n ,s im p le  
cub ic  a l lo y .  The p h y s ic a l in te r p r e ta t io n  o f  b o th  approaches i s  d isc u s ­
sed accompanied by s e v e ra l num erical exam ples.
II. FORMALISM
a . O ff-D iagonal Randomness
C onsider th e  case o f a  th ree -d im e n sio n a l b in a ry  c r y s ta l l in e
a l lo y  composed o f  two k in d s  o f atom s, A  and g  d is t r ib u te d  on th e  l a t ­
t i c e  in  a  random way. The a l lo y  w i l l  be d esc rib e d  in  a  t ig h t-b in d in g  
re p re s e n ta tio n  and in  a  s in g le -b an d  model. A whole ensemble o f  p o s s i­
b le  system s i s  then  determ ined by sp e c ify in g  th e  r e l a t i v e  concen tra ­
t io n s  X  o f A atoms and ^  = (1  -  X  ) o f  0  atom s. A s in g le  o r b i t a l  
| f l >  i s  a s s o c ia te d  w ith  each s i t e  Kl . The s t a t e s  Y\ a re  v ery  lo c a l­
iz e d  and a re  assumed to  be orthonorm al and com plete , i . e .
<r\ \ m  5*v»m , ( I I . 1)
£  i * > <  n i  =  l ( I I . 2)
The o n e -e le c tro n  H am ilton ian , as u s u a l, i s  re p re se n te d  by
H => £  in> n l +  £ /|m> hmn< r»| ( I I . 3)
6
7where th e  d iag o n a l elem ent £ n i s  th e  atom ic le v e l  a s so c ia te d  w ith
re p re s e n ts  th e  hopping in te g r a ls  between s i t e s  Wl and A . The prim e 
in d ic a te s  t h a t  YAj* A in  th e  summation. The lo c a l  energy le v e l
atom occupying th e  s i t e  n . Furtherm ore, i f  we co n s id e r th e  s tro n g  
s c a t te r in g  case  and t ig h t-b in d in g  approx im ation , we may assume th a t
f ig u ra t io n .
The one p a r t i c l e  Green fu n c tio n  i s  d e fin ed  by th e  e q u a tio n ,
In  p a r t i c u l a r ,  th e  ensemble average (c o n f ig u ra tio n  average and therm al
average) o f th e  Green fu n c tio n ,  ^ i ) >  ,  h as  been r e la te d  to  th e
1
e le c tro n  d e n s ity  o f  s t a t e s  and o th e r  q u a n t i t ie s  o f  p h y s ic a l i n t e r e s t .
In  c o n t ra s t  to  £  ( £  ) , < £ } ( £ )  >  has th e  f u l l  symmetry o f  the 
empty l a t t i c e .  The e f f i c t i v e  H am iltonian c h a ra c te r iz in g  th e  av e r­
age c r y s ta l  i s  d efin e d  by the  e q u a tio n ,
He ^  a lso  has th e  f u l l  c r y s ta l  symmetry, b u t  i s  non-H erm itian  and 
energy-dependen t.
wave fu n c tio n  JA> a t  s i t e  A , and th e  o ff -d ia g o n a l elem ent
A Amay assume e i t h e r  o f two v a lues  6  o r  £ depending on th e  type o f
h mn i s  non -zero  only when s i t e s  fl and m  a re  f i r s t  n e a r  n e ig h b o rs .
The hopping in t e g r a l  takes th e  v a lu es  h «  ,  h * *  -  h “  ,  o r
Aft
| t  depending on th e  c o n f ig u ra tio n  o f  s i t e s  t\ and I f * . We s h a l l  
co n s id er b o th  and as random v a r ia b le s  o f  th e  l a t t i c e  con-
; g =s e + JLo . ( I I . 4)
G ( 2 )  =  < < 5 ( H ) > = 5
2
(11*5)
8The co rresponding  e f f e c t iv e  medium o f th e  a l lo y  can be char­
a c te r iz e d  by d iag o n a l elem ents (T ( 2 )  and an o ff -d ia g o n a l elem ent 
(7" ( 2 ) w ith  W rt through th e  ex p ress io nWn
H * r r ( 2 > = =  2  <7 ( H )  ,  ( I I . 6)
o r
0^n(2; =  <ml Heff(2 ) ln >  , (n.7)
Note ( & ) ■ ^  ( 2  ) b u t they  a re  n o t  r e a l  in  g e n e ra l and
i s  n o t H erm itian . We s h a l l  seek  s o lu tio n s  fo r  a l l  s i t e s  ft . At p re ­
s e n t ,  i t  i s  im p o ssib le  to  f in d  ex ac t s o lu tio n s  f o r  a l l  /  St) .
1 3There have been s e v e ra l  approaches * suggested  to  so lv e  f o r  (T^^d) » 
b u t most o f  them a re  e i th e r  l im ite d  to  p u re ly  d ia g o n a l randomness in  
th e  o n e -e le c tro n  H am iltonian, o r  have proved to  be  too  cumbersome even 
fo r  n um erica l a n a ly s is .  In  what fo llo w s , a  p r im itiv e  b u t con cre te  
c lu s t e r  th eo ry  i s  re p o r te d . The l im i t s  on th e  v a l id i t y  o f  the  theo ry  
a re  d i f f i c u l t  to  e s ta b l i s h .  However, as  we s h a l l  s e e ,  i t  i s  easy  to  
improve th e  r e s u l t s  a t  th e  expense o f  adding d i f f i c u l t y  to  com putations.
ib. C lu s te r  Theory
In  o rd e r  to  so lv e  fo r  ( 7 ^ ( 2 )  in  Eq. ( I I . 6 ) ,  we tru n c a te  
th e  problem  by co n s id e rin g  a  c lu s te r  which c o n s is ts  o f  a  c e n t r a l  atom 
p lu s  i t s  n e a r e s t  n e ig h b o rs , as shown in  F ig . 1 . For a  SC s t r u c tu r e ,  
the  c lu s t e r  c o n s is ts  o f 7 atom s; f o r  a  b c c  s t r u c tu r e ,  9 atom s, and 
f o r  a  #CC s t r u c tu r e  13 atom s. The g e n e ra l iz a t io n  to  la rg e r  c lu s te r s
9s t r a i g h t  forw ard b u t te d io u s . For s im p l ic i ty  most o f th e  rem ainder o f 
t h i s  p ap er i s  r e s t r i c t e d  to  th e  l s t - s h e l l  c lu s t e r  approxim ation and a  
SC s t r u c tu r e .
L et us d e f in e  a  s e lf -e n e rg y  m a trix  £ „  fo r  a  c lu s t e r  w ith  
s i t e  n  as i t s  c e n t r a l  atom, denoted as c lu s t e r  n  h e r e a f te r .
I nd )  =
• •  •  2
 ^ ^ n + Z ,n
( I I . 8)
where 2» i s  t*1® number o f f i r s t  n e a r  ne ighbors to  s i t e  n and ,
£ , . . . .  ^  ^ _ a re  d iag o n a l s e l f - e n e rg ie s  a s s o c i-rt*i,n+> n+ Z
a te d  w ith  th e  d i f f e r e n t  s i t e s  in  th e  c l u s t e r ,  w h ile  T  ^  w ith  Jt i* WI
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a re  o ff -d ia g o n a l hopping s e l f - e n e rg ie s  a s s o c ia te d  w ith  t r a n s i t io n s  be­
tween th e  s i t e s  Jt and wt in  th e  c lu s t e r  t f  . The neig h b o rs  to  s i t e  
a re  s y s te m a tic a lly  la b e le d  from Y) + l to  n t  Z  as F ig . 1 shows. In  
p a r t i c u la r ,  f o r  a  SC s t r u c tu r e ,  an a n sa tz  f o r  th e  s e lf -e n e rg y  m a trix
has th e  s im p lif ie d form
r i s i l i S i S i S  i s '
- s 'z A I 1 i S i S S 2^ 2 2^2
z A i s i i S i S
**
> c' IA i s i S i S
i .  c '  2 A S i S i S s‘
A. S' 2 A i S S i s i S t  K
1 c' \ 2 A i S i S S i S
where i s  th e  d iag o n a l s e lf -e n e rg y  a s s o c ia te d  w ith  th e  c e n t r a l  s i t e
and i s  th e  d iag o n a l s e lf - e n e rg y  o f  each o f  i t s  n e a re s t  n e ig h b o rs ;
i s  th e  o ff -d ia g o n a l hopping se lf -e n e rg y  a s s o c ia te d  w ith  t r a n s i t io n s  
from n e a re s t  n e ighbo rs  inward toward th e  c e n t r a l  s i t e ,  and w ith  
t r a n s i t io n s  from th e  c e n t r a l  s i t e  outward to  i t s  n e a re s t  n e ig h b o rs ; 
i s  th e  s e lf -e n e rg y  o f  t r a n s i t io n s  between s i t e s  th a t  a re  second neigh­
b o rs ; and 18 fo r  t r a n s i t io n s  between s i t e s  th a t  a re  fo u r th
n e ig h b o rs . The reasons f o r  th e  f a c to r s  o f -j- m u ltip ly in g  5 ,  2 /
w i l l  become e v id e n t when we ex p ress  th e  H am iltonian in  th e  c lu s te r  
b a s is .  In  th i s  p a r t i c u la r  c lu s te r  approach, th e re  a re  no th i r d  neigh­
b o rs , so  th e  s e lf -e n e rg y  a s s o c ia te d  w ith  t r a n s i t io n s  between them does
11
n o t appear in  th e  c lu s t e r  s e lf -e n e rg y  o p e ra to r  . This f a c t  may in -  
troduce  some f a u l t s  in  model c a lc u la t io n s ,  b u t should  be  improved by 
in c re a s in g  th e  s iz e  o f  c lu s t e r s .
The n e x t ta s k  i s  to  c o n s tru c t r e la t io n s  between 0 ^ n  (g) in  
Eq. (11 .6 ) and th e  elem ents o f th e  c lu s te r  s e lf -e n e rg y  m a trix . In  
o rd er to  do th a t ,  l e t  us re w rite  Eq. ( I I . 6) in  term s o f  th e  c l u s t e r  
b a s is  < * l  as
t  I )  —  X  l > f  > '  •  <  P f  I  ,  C i i . i o )
VI
where th e  c lu s t e r  b a s is  < fT I i s  d e fin ed  as a column m a trix
<n\  3
'l
* < n + Z l  4
( i i . i i )
S im ila r ly ,  \*> i s  a  row m a trix . The c lu s t e r  b a s is  i s  n o t a
s t a t e  b u t a  com bination o f s t a t e s ,  one fo r  each member in  th e  c lu s t e r .  
I t s  e x te n s io n  to  a  la r g e r  c lu s t e r  i s  obvious.
Combining Eqs. ( I I . 9) and (11 .10) and then  comparing to  Eq. 
( I I . 6 ) ,  we f in d  th a t  in  a  s c  s t r u c tu r e ,
12
® ss . . .
s = 2 ° + G Z '  ,  ( I I .1 2 )
p r ^  •= ' j ( £ + ^ / ) I f  m , r >  a re  1 s t  n e ig h b o rs ,
ss  i f  M i r) a re  2nd n e ig h b o rs ,
ZZ i f  m , H a re  4 th  n e ig h b o rs ,
— 0  o th e rw ise .
A d iag o n a l elem ent ff* o f  th e  s e lf -e n e rg y  has a  c o n tr ib u tio n  2 °nn
when i t  i s  th e  c e n t r a l  atom n  o f  a  c lu s t e r  p lu s  6  2* when i t  i s  the  
n e a r  n e ig h b o r to  th e  c e n t r a l  atom. We s h a l l  show p re s e n tly  th a t  f o r  
low co n ce n tra tio n s  o f  im p u r itie s  2* i s  o f  o rd e r ^  , w h ile  2* i s  of 
o rd e r X ( «  ^  ) • S im ila r  remarks can be made about th e  c o n tr ib u tio n s  
to  th e  c lu s t e r  hopping s e l f - e n e r g ie s .  Hie r e l a t i v e  c o n tr ib u tio n  o f  a 
given atom to  a  c lu s te r  w i l l  become more e v id e n t when in  th e  n e x t se c ­
tio n  we w r ite  the  H am iltonian  in  th e  c lu s t e r  b a s i s .  I t  sh o u ld  be no ted  
once more t h a t  th e re  i s  no re fe re n c e  to  th i r d  ne ighbors o r  to  f i f t h  o r 
h ig h e r  ne ighbo rs so  th e  tru n c a tio n s  o f  th e  s iz e  o f  th e  c lu s te r  s a c r i f i ­
ces th e  p o s s i b i l i t y  o f  a  com plete s o lu tio n .
S ince H has  th e  t r a n s l a t io n a l  symmetry o f  th e  l a t t i c e ,  i t  e f t
i s  easy  to  se e  th a t
2 . ( i )  =  y < * >  =  2 , u >  —  . . . —  i d )*** *0 ^  *
I t  i s  understood  th a t  elem ents o f th e  s e lf -e n e rg y  m a trix  2 ( 2 )  a re  de-MM
pendent on th e  energy p aram eter 2  .
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Next we s h a l l  c o n s tru c t a  m u ltip le  s c a t t e r in g  form alism  In  
th e  c l u s t e r  b a s is  and seek  s e l f - c o n s i s te n t  s o lu tio n s  f o r  s e l f - e n e rg ie s  
2 , '  . 2 ,  and 2 ,  .
c . M u ltip le -S c a t te r in g  Theory
In  what fo llow 8 th e  H am iltonian  i s  decomposed in to  a  sum o f 
c o n tr ib u tio n s  from each c lu s te r  and th e  form alism  u n d erly in g  th e  s in g le ­
c lu s t e r  approxim ation i s  developed. L et us w r i te  th e  o n e -e le c tro n  
H am iltonian in  th e  form
H =  H«*f + V  t (11.14)
where V  i s  a  p e rtu rb e d  p a r t  o f  th e  H am ilton ian . Comparing Eq. (11.14) 
w ith  Eqs. (11 .6 ) and (1 1 .3 ) , we o b ta in ,
V  =  X ( -  0;*) )n><*l + X'(
n mm
-  >  tT  (11.15)
n *
= ? .
where i r *  i s  th e  u su a l s c a t t e r in g  p o te n t ia l  o f  th e  s i t e  r e l a t i v e  to  
th e  e f f e c t iv e  medium,
v„= (
f (11.16)
14
and Xfn I s  th e  s c a t te r in g  p o te n t ia l  r e l a t i v e  to  th e  e f f e c t iv e  medium
thof a  c lu s te r  o f atoms c o n s is tin g  o f th e  V) atom and a l l  i t s  n e a r  
n e ig h b o rs ,
i n  >  • a *  * < n  I . (11 .17)
U» i s  a  ( Z  + *) by (2& + 1 ) m a trix  w hich, by comparing Eq. (11 .17) 
w ith  Eq. (1 1 .1 4 ) , can be exp ressed  as
t  ,  Hnmlr l -  )  • • * 1 j  ~ h  ^'  x 2 *2 •*>**♦* ‘Ii/iV  * 7 *2.
U s  =
- z
‘ ( Z'+2 -  2 (11.18)
•IbrVt JiK.,*.'*.) it W ■J jlK,w
-S' -2, - I h - f t
K W *>  - i 5* -S' *'i^a 4*a “2* 4 2 ,
h W « i  - i s , -2' 4 * a 4 2 a
- 1, 4 * a - 2 ‘ “3 2a 4 2 a
-Z , 4 * a -2 ‘ 4 5 .
- i s , -24 4 2 * - i h - S \
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where i f  I s  th e  number o f  atoms th a t  a re  s im u ltan eo u sly  n e a r  ne ig h ­
bors to  n and n * • . For a  SC o r  b cc  l a t t i c e  Zf ■ 0  , and fo r  
a  -fCC l a t t i c e  i f  * 2 . The l a s t  e q u a l i ty  in  Eq. (11 .18) a p p l ie s  
only  to  th e  s p e c ia l  case o f  a  S C  l a t t i c e .  The p a r t i c u la r  decomposi­
t io n  o f  V  in to  c lu s t e r  c o n tr ib u tio n s  g iven  by Eqs. (1 1 .1 5 ) , (11 .17) 
and (11.18) i s  by no means u n ique , b u t i t  has th e  v i r t u e  o f a s s ig n in g
fctl til
a l l  th e  d iag o n a l energy  o f th e  y) atom to  th e  y) c l u s t e r ,  and i t  
sh a res  th e  hopping e n e rg ie s  e q u a lly  between th e  two c lu s t e r s  W
and . A d i f f e r e n t  can be w r i t t e n  th a t  sh a re s  1 /7  o f  each d ia ­
gonal energy among seven c lu s t e r s .  However, th a t  decom position o f  V  
le ad s  to  la rg e  c o r re la t io n s  among th e  s c a t te r in g s  from a d ja c e n t c lu s ­
t e r s .
3
In  m u l t ip le - s c a t te r in g  th e o ry , fo llow ing  th e  s ta n d a rd  p ro­
cedu re , th e  unaveraged p ro p ag a to r f o r  th e  e le c tro n s  in  th e  a l lo y ,  G$ , 
i s  expressed  in  term s o f Q , th e  averaged Green fu n c tio n , by th e  Dyson 
eq u a tio n ,
6  =  S  +  £  XTQ . (11 .19)
In  a d d i tio n , th e  s c a t te r in g  m a trix  T  can be d e fin ed  by
T =  U  . c11-20)
S u b s t i tu t io n  o f  th e  d e f in i t io n  o f  T ,  Eq. (1 1 .2 1 ), in to  th e  Dyson equa­
t io n ,  Eq. (1 1 .2 0 ), y ie ld s
a s s  5  +  §  t  5  % ( n . 21)
- 16
Taking th e  ensem ble average o f b o th  s id e s  of Eq. (11 .21) le a d s  to  the  
s e l f - c o n s i s te n t  e q u a tio n ,
< T >  =  0 , (11.22)
which must be so lved  fo r  (T , o r  2* in  our approach. The c a lc u la -VVW „
t io n  p roceeds by combining Eqs. (1 1 .1 7 ) , (11 .19) and (11.20) to  y ie ld  
th e  r e s u l t ,
T  =  v ( i + 5 t )
(11 .23)
=  £ | 3 > -  u * - < ? T |  ( 1 - K q T )  .
The m u l t ip le - s c a t te r in g  method becomes u s e fu l  i f  we can de­
compose th e  T m a trix  in to  a  sum o f c o n tr ib u tio n s  from c lu s te r s  of 
s c a t t e r e r s  a s s o c ia te d  w ith  each s i t e  f\ . In  o rd e r to  decompose th e  T  
m a tr ix , we l e t
T  =  5 l r t > » T i i - < r ? |  ( n .2 4 )
n
where T* i s  a  m a tr ix . I t  shou ld  be  emphasized th a t  l ? f>* X* • < f f  | 
i s  n o t th e  c o n tr ib u tio n  to  th e  m u ltip le  s c a t te r in g  where th e  l a s t  s c a t ­
te r in g  i s  from s i t e  n , b u t  r a th e r  th e  c o n tr ib u tio n s  where th e  l a s t  
s c a t t e r in g  i s  from th e  c l u s t e r  7 ? .
S u b s t i tu t in g  Eq. (11 .24) in to  (11 .23) le a d s  to
- p  =  £  l n> • u *  ' < n  |  ( 1 +  G, £  lw >  * Tm • < » n |  )  ( n . 25)
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Then compare Eq. (11 .25) w ith  Eq. (11.24) to  f in d
( I + e, I  |S>* T„ <sri) (II-26)
At th i s  s te p  we d e fin e  th e  s in g le  c lu s t e r  s c a t te r in g  m a trix  tn by:
I n * * * , .  *< w|  3  ( I -  I y?> • u ,  • < n |  G, ) l f l>* L  ( n . 27)
| r?> • *«. *< « | i s  th e  s c a t te r in g  o p e ra to r  o f an is o la te d  c lu s t e r  7 ? .  We 
n ex t take  th e  ensemble average o f | n > * T n * < ^ l  , and w ith  th e  a id  of 
Eq. (11.26) f in d
< | r?> • Tm * < r?l >
&  < | n  >• ( 1 + 5  I  l » > * T « * < r j 5 l ) >  (H. 28)
=  < | J f > - £ . < « l > (  I +  «  2  < | m > .  Tb < » | > )
* # n  ~  *
where in  th e  l a s t  s te p ,  we have employed th e  s in g le - c lu s te r  approxima­
t io n  (SCA) in  analogy to  th e  s i n g l e - s i t e  approxim ation in  th e  s tan d a rd  
th e o ry . T h is i s  one o f  th e  m ajor approxim ations i n  th e  th e o ry . I t  
assumes th e re  i s  no c o r r d ia t ie a  between th e  s c a t te r in g  from c lu s te r  n  
and c lu s te r s  Wl 4 n  . For a  one atom c l u s t e r  t h i s  i s  j u s t  th e  s in g le  
s i t e  approx im ation . For a  two o r more atom c lu s te r  th e  n a tu re  o f th e  
approxim ation  i s  a  fu n c tio n  o f  th e  c lu s t e r  s iz e .  We a re  Ig n o rin g  co r­
r e la t io n s  between s c a t te r in g  from d i f f e r e n t  c lu s t e r s ,  y e t  a d ja c e n t
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c lu s te r s  have hopping in te g r a l s  between atoms in  common. As th e  s iz e  
o f  c lu s te r s  i s  in c re a se d  so  th e  f r a c t io n  o f atoms in  common between 
a d ja c e n t c lu s te r s  d ec reases  th e  approxim ation should  Improve. In  th e  
case o f  a SC l a t t i c e  w ith  a  n e a r  neighbor c l u s t e r , th e  f r a c t io n  o f 
atoms in  common between two a d ja c e n t c lu s te r s  to  th e  number id  a  c lu s ­
t e r  i s  2 /7 .  For second ne ighbor c lu s te r s  th e re  a re  s t i l l  two atoms in  
common, t h i r d  neig h b o rs  have one atom in  common, and fo r th  and h ig h e r 
neighbors have no atoms in  common.
Eq. (11 .28) approxim ates th e  t o t a l  averaged s c a t t e r in g  m a trix  
co rrespond ing  to  th e  l a s t  s c a t t e r in g  from c lu s te r  ft by an o p e ra to r  
th a t  i s  th e  p roduct o f  two e lem en ts. The f i r s t  i s  th e  sum of a term  
th a t  c a r r i e s  th e  d i r e c t  wave onto  c lu s t e r  O p lu s  a  term  th a t  accounts 
f o r  th e  p a r t  o f th e  wave th a t  reach es  th e  c lu s t e r  by f i r s t  s c a t ­
te r in g  o f f  th e  o th e r  c lu s t e r s .  The second elem ent i s  th e  averaged 
c lu s t e r  s c a t t e r in g  o p e ra to r  analogous to  th e  averaged atom ic t -m a tr ix .  
Thus w ith  th e  a id  o f th e  SCA, Eq. (1 1 .2 8 ) , th e  s e lf -c o n s is ta n c y  re q u ire ­
ment Eq. (11 .22) s im p l if ie d  to
(11.29)
We n e x t re tu rn  to  Eq. (11 .27) to  d e r iv e  an im p o rtan t r e l a ­
t io n ,
( 1 « « • « . ) (11.30)
where
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< t f l  §  i n  >
< n | Q i n >  < n | £ l n + i > *  
<n+i|<* ln >  < r t - « l§ | iv H >  •
•<n|<Si|n+z>'i
• < w * » |5 W z >
I » > < * + zl5 i* » * zX
(11.31)
To v e r i f y  Eq. (1 1 .3 0 ) , we m u ltip ly  Eq. (11 .27) from th e  r ig h t  by l»?> 
to  o b ta in
1*5? > • =5 C I "  ***** ** *<** I G ) | H >  * *f» ,  (11 .32)
o r
( I U„ < n  I 5  > | r t>  • t*  =S )n> * i "  . (11 .33)
In  th e  above procedure we have employed th e  r e l a t io n ,
< n  ln*> =  % (11 .34)
In  view o f o r th o g o n a lity  o f  s in g le - o r b i t a l  wave fu n c tio n s  |l? >  th e  
m a trix  p ro d u c t < » ? | F?> eq u a ls  th e  u n i t  m a tr ix  1  . Once ag a in  we 
m u ltip ly  Eq. (11.33) from th e  l e f t  by < r f |  to  o b ta in  Eq. (1 1 .3 0 ) .
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We s h a l l  apply  th e  r e la t io n  (11 .30) to  compute d ie  s e l f - e n e rg ie s  in  a 
c lu s t e r .
D ensity  o f  S ta te s
As m entioned in  Eqs. ( I I . 1) and ( I I . 2 ) ,  fo llo w in g  th e  u su a l 
p r a c t ic e  we supposed th a t  th e  s t a t e s  |r t>  a re  v ery  lo c a l iz e d ,  as a re  
atom ic wave fu n c tio n s ,  o rthogonal as  a re  Wannier fu n c tio n s ,  and a re  in ­
dependent o f  which type atom i s  on a  g iven  s i t e .  Such an approxim ation ,
23as d iscu ssed  in  d e t a i l  by Chen, Weisz and Sher (CWS), i s  good fo r  a 
s in g le  im p u rity  in  a  pure c r y s ta l  b u t u n p h y sica l f o r  h ig h ly  concen tra­
te d  a l lo y s .  T h ere fo re , fo llow ing  CWS, ta k e  to  be o r
I flg > > th e  s t a t e  a p p ro p r ia te  to  th e  type o f atom a t  th e  s i t e  H .
U sing th e  b a s is  d e sc rib e d  above, fo r  a p a r t i c u la r  c o n f ig u ra tio n , con­
v e r t  a l l  o p e ra to rs ,  such as (Sj e t c . ,  in to  m a tr ic e s , and re g a rd  a l l  th e  
CPA eq u a tio n s  as m a tr ix  eq u a tio n s . E q u iv a le n tly , th e se  m a tr ic e s  could  
be tu rn ed  in to  o p e ra to rs  by u s in g  an a b s t r a c t  p e r io d ic  b a s is .  CWS 
p o in t  out t h a t  th e  f i n a l  r e s u l t s  w i l l  n o t  be a f f e c te d ,  b u t  some clumsy 
n o ta t io n  i s  avoided , w ithou t p re te n d in g  th a t  S c h ro d in g e r 's  e q u a tio n  i s  
I n s e n s i t iv e  to  th e  p o te n t ia l .
In  view o f  th e  above argum ent, l e t  us d e f in e  a  "m ock-periodic" 
c r y s ta l  d e sc rib e d  by H am iltonian H w ith
H ss 2  l » > 6 < n l  + £ / |»»> h ^ n l  ( n .3 5 )
"  im  *
where €  i s  th e  m ean-atom ic energy w ith
(11.36)
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and I s a  c o n fig u ra tio n  averaged  hopping In te g r a l  which i s  a
fu n c tio n  o f  th e  d is ta n c e  between th e  s i t e  m and n  o n ly . We w i l l  
assume h rnn v an ish es  excep t when and ft a re  f i r s t  ne ighbo rs so 
th a t
W =  x W  +  * ^ K  +  3  3t h  i f  rw and n  a re
1s t  n e ig h b o rs ,
7 (11 .37)
0 o th e rw ise ,
w ith  6  chosen as th e  zero  o f energy , th e  co rresponding  Green fu n c tio n  
fo r  th e  "mock p e r io d ic "  c r y s ta l  i s
« . < » ) =  ( 2 -  H )" '=  £
S  2 - 6 ( 5 ? )  ,
where th e  \%> a re  th e  "mock Bloch s t a t e s "  o f  H d e fin ed  by
(11 .38)
=  | n >
(11.39)
The enfggy 6 (1 ? )  i s  g iven  by th e  u su a l e x p re ss io n ,
6 (i?) s i  e  h *»'(« * (11.40)
where "  Rm' “  R* , and i s  th e  l a t t i c e  p o s i t io n .  The wave
v e c to rs  I t  a r e  the ' u s u a l wave v e c to rs  in  th e  B r i l lo u in  zone a s s o c ia te d  
w ith  th e  s t a t i c  c r y s ta l  l a t t i c e .  The s i t e  b a s is  | f l >  a re  th en  r e la te d
22
to  th e  "mock Bloch s t a t e s "  by
l« >  =  -= r  5  e ' i ?  *’ l i t > «!•«>
y n  £
MB
5 . ( 2 ) and H a re  d iag o n a l In  s t a t e s  li t  > ; t h i s  I s  e q u iv a le n t in  
th e  u su a l theo ry  to  th e  c o n d itio n  th a t  H and have th e  f u l l  c r y s ta l  
symmetry.
The m a trix  elem ents o f  th e  c o n f ig u ra tio n  averaged Green func­
t io n  in  th e  c lu s t e r  b a s is  p la y  an im p o rtan t r o le  in  th e  c a lc u la -
t io n a l  p rocedu re . Thus we s h a l l  n e x t use th e  id e a s  above to  ex p re ss
« * >  in  th e  Bloch b a s is  and th en  r e l a t e  i t  to  th e  d e n s ity  o f  s t a t e s .  
^0
We f i r s t  re so lv e  < n l G l n >  in to  m a trix  elem ents a s s o c ia te d  w ith  
"mock Bloch s t a t e s " ,
<rf  16  I n >
— <n  I # > < i t l G  I f c ' x f ' l  n >
(11.42)
= 2  6 -  < wl 4e >< it I 7T > ,
9  *
The f a c t  t h a t  §  has th e  f u l l  c r y s t a l  symmetry has been used in  th e  
p ro cess  of d e r iv in g  Eq. (1 1 .4 2 ) . ^  i s  d e fin e d  by
q  =  < C i g i # >
=  < ? i  —  1 u  ■■ | g >  <“ ■«>
2  '  H*« . _
- I
IM .
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where we have s e t
and
? « . =  . W - 45)
In  p a r t i c u l a r ,  f o r  a  SC s t r u c tu r e  and in  view o f  the  r e l a t io n  (1 1 .1 2 ), 
Eq. (11 .43) has an e q u iv a le n t form in  term s of th e  c lu s te r  s e lf -e n e rg y  
e lem en ts ,
5 f f =  c  2  - r -  t t '
-  ( Z , +  S , ' ) (  c o i  * « « . +  c o s t y i  +  c o s t y a )  ( I I  4(j)
-  4  (  c o s * * * c o s i t j *  +  COSfc|«.co5 ^ + c o 5ly iW jlix«)
-  Z  2 *  (  c o s  +  c o s  +  c o s  Z ) " *
where A. i s  th e  l a t t i c e  spac ing  and ^  ^  ^  a re  components o f
wave v e c to r  . Furtherm ore, u s in g  Eqs. (1 1 .1 1 ), (11 .39) a  s l i g h t  man­
ip u la t io n  reduces Eq. (11.42) in to  an e x p l i c i t  m a trix  form
( n . 4 7 )
N it *  —  >
w ith  d e fin ed  by
N otice  th a t  ^jCf i s  H erm itian . R e fe rr in g  to  Eqs. (11.43) and (1 1 .4 7 ) , 
i t  i s  obvious th a t  <X\ G, 1* >  i s  s i t e  independent so  th a t  we may de­
f in e
F ( g ) =  < 0 l § l ? >
=  < ? I S l n >
=  ^ l i - r
M
Next we a re  going to  ex p ress th e  e l e c t r o n ic  d e n s ity  o f  s t a t e s  
in  term s o f  th e  s e lf - e n e rg ie s  appearing  in  our form alism . The d e n s ity  
o f  s t a t e s  P ( E )  i s  w r i t t e n  as  u su a l in  term s o f  th e  average Green 
fu n c tio n
P ( E ) =  -  I w  T r  § ( e  + A O  )  # (11.50)
N n
The tr a c e  o f th e  c o n f ig u ra tio n  averaged Green fu n c tio n  Q i s
(11.49)
- I  e
ffi(?6 0 )
a «n
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T t 5 =  £  < " l  G, t " >
-  9  C»»l Xr>  I <* I * <l'\ * 0  (11 .51)
=  2 ( * - < r - 2  o ; »  e i S ' “ * " ) * ',
?  1 » (3 » 0 )
where we have employed th e  r e la t io n
£ | n > * < n | =  Z + l  , ( i i .5 2 )
n
Thus th e  d e n s ity  o f s t a t e s  p e r  atom becomes
p i v  = - - i k r ^ l ( H - o - l  ^ . e 4 8 ' 3 * - ) " '
N i r  £  » U o >
For a  j t  s t r u c tu r e  th i s  reduces to
(11.53)
— ( £, + $ / ) (  cos fr<A + cos + c o s ^ a )  (11.54) 
~  4 2* ( cos^a  cosMp +cos<y» cosf^A + cosfcjAcojfcgo)
— Z ( c o s  +  c o s  2  *^0. + c o s  I * ) * ) ]  “1
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Thus th e  e le c t r o n ic  d e n s ity  o f  s t a t e s  can be exp ressed  compactly in  
terms o f  th e  s e l f - e n e rg ie s  a s s o c ia te d  w ith  th e  tru n c a te d  c lu s te r .
There i s  no doubt th a t  s im ila r  ex p ress io n s  to  Eq. (11 .54) fo r  la rg e r  
c lu s te r s  and d i f f e r e n t  c r y s ta l  s t r u c tu r e s  can be d e riv e d .. A ll  th e  
c lu ste r*  s e l f - e n e rg ie s  a re  fu n c tio n s  o f  th e  energy param eter 2  > and* 1°  
o rd e r to  c a lc u la te  th e  d e n s ity  o f s t a t e s ,  we must s t i l l  f in d  s o lu tio n s  
fo r  th o se  s e l f - e n e rg ie s  co rresponding  to  each 2  . That ta sk  w i l l  be 
accom plished in  th e  n e x t two s e c t io n s ,  f i r s t  in  th e  d i l u te  a l lo y  l im i t  
b u t w ith  CPA, and then  fo r  co n ce n tra te d  a l lo y s  b u t u sin g  ATA and 1ATA.
I I I .  DILUTE ALLOYS
;a . P e r tu rb a t io n  Theory
The s e l f - c o n s i s te n t  s o lu tio n s  fo r  th e  c lu s t e r  s e lf - e n e rg ie s  
i s  so com plicated  th a t  i t s  s t r a i g h t  forw ard im plem entation i s  un feas­
ib l e .  A d d itio n a l approxim ations o r a n a ly t ic  techn iques must be dev ised  
to  f a c i l i t a t e  fu r th e r  p ro g re s s . In  th i s  s e c tio n  we s h a l l  r e t a in  th e  
s e l f - c o n s i s te n t  d o lu tio n s  b u t only i n  th e  l im i t  o f  d i lu te  a l lo y s  where 
f i r s t - o r d e r  p e r tu rb a tio n  theo ry  in  th e  im purity  c o n c e n tra tio n  a p p l ie s .  
We s h a l l  s t i l l  focus on a $ c  s t r u c tu r e .
L e t A atoms be im p u r it ie s  and 3 atoms make up th e  h o s t  cry­
s t a l .  In  th e  d i l u te  case  th e  c o n c e n tra tio n  o f A atoms X i s  much 
sm a lle r  than  1 so  we may t r e a t  th e  problem  w ith  p e r tu rb a tio n  th e o ry .
O bviously, 2 °  > 2 '  » » S /  * 2* » S h  311,1 P  3X3 fu n c tio n s  of
X , assumed to  be smooth. A ccord ing ly , we may w r ite
^  0 «®+A.X , 2 ' £ A,X ,
s ,= h**+ 8,X , i ; h®*+ B.'x ,
B,x , 2*
F S F"+C* ,
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where
0 II \
H
I ( H
if
- 6 s - h° I  e * * * '
II•< 32°
a x  ^ 130
a -  - H l l  
, A»“" 3 x  l x =o ,
e,' = 3 X  ^ X*0
Q -  J i l l
, 3 X 1 xsso ,
c  = 2 £ _a x 1 x=»o 2
>
D » 3 *  l X*0  ( I I I . 2)
«  ~  2I±\
l X« 0 ,
and a l l  en e rg ies  a re  in  u n its  o f  th e  h a lf-b a n d  w id th  4W ■ 6  h** 5  J 
o f  th e  pure  8 c r y s t a l .
Suppose th e  c e n t r a l  s i t e  o f  c lu s te r  fl I s  occupied by an A 
atom, w h ile  a l l  o th e r  s i t e s  in  the  c l u s t e r  a re  occupied  by 0  atoms, 
then  we deno te th e  s c a t t e r in g  p o te n t ia l  m a tr ix  in  such a  c lu s t e r  as 
U * 0 0 . Using Eqs. (1 1 .1 8 ) , ( I I I . l )  and ( I I I . 2) can be  expressed
as
fi| -s‘> !<><*-*.> iCJ'-y ifK'tyjfk'iy
" S  -  3  " S ,  * 5 ^
i («*-£,') -3 s. -s’ -is, -is, - J. -is,
i U f - S , ' )  -is, -is, -s’ -is, -is, -2, ( i i x *3)
i<k"-s.'> - s» -is, -is, - i  -is,-is, 
i(k“-Si'; -is, -s, -is, 42, -s’ -is,
li(i.**-s;> -is, -is , - s* -is, -is, - t  J
U*°(0) + X ^
^  X
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where
f 'S J L A A St A AIX 12 12 a 12 12
St
12 0 0
0 0 0 0
A
12 0 0 0
0 0 0
IIIo A
12 0 0 0
0 0 0
s ,
12 0 0 0
0 0 0
£
12 0 0 0 0 0 0
' 1 0 0 0 0 0 0
( I I I . 4)
w ith  5", fo llow ing  FKS, d e fin e d  by
*1=  6 (  h * * -  h " )  ; <I I I  5>
and
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d t4**(0)
d x
B.
7
•*
a 3T
*
a
B.
B/
2
£
2
_  Oi Ba _  “■* «  pa  ya
T  "* • *“  Y  "“* 7  "* ♦ "" T  T
B
2
Bj
2
W| B* A Pa q
T" ” ■ T  ■“  TT — ®4 —&2
B>
2
5 *
2
2
Ba e»a oa  o »  R
2  “  T  — 2  2  ^
Ba
X
8 6 a
&
2
Ba
2
Ba
2
Ba
2
2
Ba
2
Ba
2
8 / Ba 8a R ®* Ei — A
” T  ~ T  ~  ^  “* T  7  *»
Ba
2
Ba
2
( I I I . 6)
In  cases where one o f th e  n e a r  neighbors i s  occupied by an A atom and 
a l l  o th e r  c l u s t e r  s i t e s  a re  occupied by 8  atom s, th e  s c a t t e r in g  p o te n t­
i a l  m a trice s  a re
l .A'A* *» d j* (o)U (x>= U (») + ,
“*\x>£ £**<•) + x
•*x  ’ ( I I I . 7)
where
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r o f.u 0 0 0 0 0 '
Si
T3L 0 0 0 0 0 0
0 0 0 0 0 0 0
U**(d) = 0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
’ 0 0 F,i l 0 0 0 0 '
0 0 0 0 0 0 0
uA‘ «) =
r.
71 0 0 0 0 0
0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 . 0 0 0 0 0 0 0 ,
0
#
0
0 0 0 0 0
?,
12 '
0 0 0 0 0 0 0
0 0 0 0 0 0 0
U*%) = 0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
£
12 0 0 0 0 0 0 4
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af __
I f  a l l  s i t e s  in  c lu s te r  r> a re  occupied by f» atom s, th e  s c a t te r in g  
p o te n t ia l  m a tr ix , denoted by U*(j) , has th e  form
U # (X ) S  X *• s  X ( I I I . 9)-  dx ax.
Since U 10) = 0 . The o th e r  s c a t t e r in g  p o te n t ia l  m a tric e s  fo r  d i f ­
fe re n t  c lu s t e r  c o n fig u ra tio n s  can e a s i ly  be w r i t t e n ,  b u t as a r e s u l t  of 
the  low c o n c e n tra tio n  approxim ation  they  w i l l  n o t e n te r  in to  th e  form al­
ism.
The s e l f - c o n s i s te n t  requ irem en t Eq. (11.29) now becomes
‘ f ^ “ U#(x) . P (X)) • U (x)
+  ( 1  -  *£A*Cx) *JF U ) ) ”1. w A°(x>
+ ( 1  -  u A,(x )  • u /“<x)+ * * *—» M.
+ ( I  -  J£*‘(x>- F (*>)"'• u A*(*)) + • • *][ • <*?\
S  I *  > • X (, ~ (0) •+ ( 1  -  w A<>( 0 ) - F  *, r ' -  w A* (0 )
4 ( 1 -  U*'(o) • F ,#>) '• u AI(o) + • » •
+  ( *  "  idA4^ * i '  )  '• J  • < n  I 
£  0
( I I I . 10)
>
o r
+ ( i - uMto). F“* >"'. u**(,) + ... dx ~ ~ ~
+  ( 1  -  u  AV( c ) .  £ • ’ >"'• <£**«» S  0
( I I I . 11)
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where we have n e g le c te d  a l l  terms h ig h e r  than  f i r s t  o rd e r  In  X . The 
s o lu t io n  o f th e  m a trix  Eq. (111.11) reduces a f t e r  some te d io u s  b u t 
s tra ig h tfo rw a rd  a lg e b ra  to
A =  r t ( f r ) 7  i j t lk
t>. 6t>,
St
A|  ^ P .  +  ,  x ( 111. 12)
B .  =  B /  =  I —  +  i L  -  j J L  +  _ L \  i l  z  
’ ' '  D, P, '  6  ‘ D. 6 p , '  ia  *• j
g — — J_ / ?i .a.
* 2  p , ' i a ) f  • ,
where
D .U ; =  I l y l ' l f . - f j ) ,
p , ( * ) =  t -  S A .
( I I I . 13)
and
S ( 4» ;  s  - J  (  c » 5  ♦  c o s  *  c « *  4* * *  )  ;
■fifi) s: 2  ( 2 — -  S<4«>] e  *"* ;
r* Sf *
%
>n , y) a re  any p a i r  o f s i t e s  in  th e  c lu s t e r  which a re  2nd n e ig h b o rs ;
N §  ,
>v» , yi a re  any p a i r  o f  s i t e s  In  th e  c lu s t e r  which a re  4 th  n e lg h b o ts ,
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We n o te  th a t  a l l  th e  c o e f f ic ie n t s  In  Eq. ( 111. 12) a re  j u s t  fu n c tio n s  o f
th e  param eters  S  , S’, and 2 • Thus th e  a n sa tz  has worked in  th i s  low
c o n c e n tra tio n  l im i t  and we have an a n a ly t ic  s o lu t io n  to  th e  s e l f -
c o n s is ta n cy  eq u a tio n .
I t  i s  in s t r u c t iv e  to  examine th e  a n a ly t ic  ex p ress io n s  fo r  th e
s e l f - e n e rg ie s  g iven by Eqs. ( I I I . l ) ,  ( I I I . 2 ) ,  ( I I I . 12 ), ( I I I . 13) and
( I I I . 1 4 ) . In  th e  l im i t  S’, = 0 co rrespond ing  to  co n s ta n t o f f -
d ia g o n a l t r a n s f e r  in t e g r a l s ,  th e  s e l f - e n e rg ie s  reduce to  th e  s ta n d a rd
VKE ex p re ss io n s  5?° = ^  |  ■ and 2* = 0 •I— i f ,
The most il lu m in a tin g  p h y s ic a l in s ig h ts  f o r  S’, f 0 a re  co n ta in ed  in  
th e  b eh av io r o f  th e  re so n an t denom inators D ,(I) and P , ( 2 )  • FKS
analyzed  a  s in g le  im p u rity  K o s te r -S la te r  model and found two resonances 
in  th e  s e lf -e n e rg y  which they  id e n t i f i e d  a s  " . . .  th e  bonding and a n t i ­
bonding le v e ls  o f  th e  m o lecu la r c lu s te r  a t  th e  o r ig in ."  In  t h e i r  n o ta ­
t io n  | — T>(2) corresponds to  our P #( 2 ) , b u t n o th in g  l i k e  P , ( 2 )  
occurs in  t h e i r  form alism . We s h a l l  sharpen  th e  p h y s ic a l p ic tu r e  and 
th e  com parison to  t h e i r  work p re s e n tly .
0 , ( 2 ) i s  th e  d e te rm in a te  o f 1 -  UA°(0) • p , so  i t s  
zeros a re  roughly  th e  e n e rg ie s  o f an e f f e c t iv e  seven atom m olecule .
The p o te n t ia l s  o f th e  atoms o f th e  m olecule a re  th e  d if fe re n c e s  between
those  o f  tru e  atoms and those  o f th e  e f f e c t iv e  medium. The m olecu la r
AOc o n f ig u ra tio n  f o r  U (o ) has an A atom a t  th e  c e n t r a l  s i t e ,  and 0  
atoms on th e  n e ig h b o rin g  s i t e s .  T his m ight be expected  to  produce 
seven re so n an ces , one f o r  each o f th e  e ig en  e n e rg ie s  o f  th e  seven atom 
m olecu le , b u t f iv e  o f them a re  th e  same as  th e  r e s t  o f th e  e f f e c t iv e  
medium so they  c o n tr ib u te  to  th e  m a jo r ity  band. To see  th i s  examine 
th e  s o lu tio n s  to  th e  problem  d e t | £  J  — UA*(o)l B 0  • The solu**
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=  ( ±  y « i ) * +  ( * • * >  The
s o lu tio n s  £ fc ^  corresponding  to  th e  bonding and an tibond ing  s t a t e s  
have q u a l i t a t iv e ly  s im i la r  p ro p e r t ie s  to  th e  zeros o f D* • When th e se
en e rg ie s  f a l l  w ith in  th e  m a jo rity  band I <7 | <  I » they re so n a te  w ith
th e  m a jo r ity  band continuum, and when they  f a l l  o u ts id e  th e  m a jo rity  
band they  become lo c a liz e d  le v e ls  f o r  a  s in g le  im p u rity , o r  m in o rity  
bands f o r  a f i n i t e  number o f im p u r it ie s .  I f  ? ,  » 0 , t f e * n  £ 4  * O ,
** 2f so  a s p l i t  band occurs when ^ 2  | 1 I f  K “ 0  , then
£ 4 .7  =  ±  V a  so fo r  JT, >  JZ th e re  a re  two s p l i t  bands, one above and 
th e  o th e r  below th e  m a jo rity  band , co rresponding  to  bo th  th e  bonding 
and an tib o n d in g  le v e ls  moving o u ts id e  th e  m a jo rity  band. When n e i th e r  
J ,  n o r  $ i s  zero  In te rm e d ia te  r e s u l t s  o ccu rs . These a re  d e ta i le d  by 
FKS. The e x ac t b eh av io r o f  th e  ze ro s  o f  w i l l  be seen in  s p e c ia l  
cases from th e  num erical r e s u l t s  re p o rte d  in  th e  n e x t s e c t io n .
D« i s  th e  same as th a t  o f FKS i f  S’, in  th e i r  | - D  i s  r e ­
p laced  by ~ and t h e i r  F* » Ft > and a re  id e n t i f i e d  w ith
,  and £  . The f a c to r  o f 1/2 m u ltip ly in g  5*, e n te rs  in to  ou r 
form alism  because we have ass ig n ed  ^  h„m to  each th e  and yrf*1
c lu s te r  in  th e  decom position o f  th e  H am iltonian in to  th e  c lu s t e r  b a s is .
The second m ajor d if fe re n c e  between our approach and th a t  o f 
IKS i s  t h a t  n o th in g  l i k e  P ( appears in  t h e i r  form alism . i s  th e
d e te rm in a te  o f  J. — • p l#>, -i » I ,  Z , . . . , & .  The zeros
o f D, can be id e n t i f i e d  w ith  th e  bonding and an tib o n d in g  e n e rg ie s  o f  
th e  c o n fig u ra tio n s  w ith  an A atonv-on a  n e ig h b o rin g  s i t e  r a th e r  than  in  
th e  c e n t r a l  p o s i t io n  o f  th e  e f f e c t iv e  m olecu le . Once again  f o r  i l l u s ­
t r a t i v e  purposes co n s id e r th e  s o lu tio n s  to  th e  problem  d e t |  £  1  -  
-  0  • They a re  E ,#a } i* 5 = ® » £ 4 7 “  ±  x ' These resonances
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a re  n o t p re s e n t  i f  th e  t r a n s f e r  in te g r a ls  a re  taken to  be independent 
o f th e  type o f  atoms on a  p a i r  o f  a d ja c e n t s i t e s .
Hence in  th i s  c lu s t e r  approach , i f  X i s  sm all th e re  a re  fo u r 
resonances in  th e  s e l f - e n e r g ie s ,  two a r i s in g  from c o n f ig u ra tio n s  where 
an A atom i s  a t  th e  c e n te r  o f th e  c lu s te r  and two a r is in g  from co n fig ­
u ra tio n s  where an A atom i s  a t  a  s i t e  a d ja c e n t to  th e  c e n t r a l  atom o f 
th e  c lu s t e r .  However, i f  X i s  la r g e r  so  c lu s te r s  w ith  more than  one 
A atom becomes p ro b ab le , th e  number o f  resonances in c re a s e s .  These 
e x t r a  e f f e c t s  a re  co n ta in ed  in  term s in  < t* >  th a t  were dropped in  
th e  low c o n c e n tra tio n  l i m i t .  T h e ir  consequences w i l l  be d iscu ssed  in  
Sec. £V where h igh  im p u rity  c o n c e n tra tio n s  a re  t r e a te d  u sin g  ATA and 
LATA.
b . Num erical Examples
24Follow ing th e  method developed by R o ste r and S la t e r ,  we 
have transfo rm ed  Eq. (111.14) in to  in t e g r a l  forms as
* ( I I I . 15)
■f± = 3 i  r e . * 3 * '*
• 'o  '
f ,  =  J J V 3 ® '* c a * ,
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where
e ' =  e - 6 #  , 2 = ? e  + * o  , a u . w
We l i s t  in  Table 1 a  s e r ie s  o f  approxim ate v a lu es  o f th e  in te g r a ls  ap­
p e a rin g  in  Eq. (111.15) where £ . 0 = R( 4* and 4-- ■ Iw f ; . These¥ 9* •
v a lu es  w ere o b ta in ed  by num erica l in te g ra t io n  over "t to  t  ■ SO , a t  
which p o in t  th e  convergence was f a i r l y  good. The e r r o r  in  th e  in te g r a ls  
i s  o f  o rd e r 10 . For e n e rg ie s  o u ts id e  th e  band IE  I >  I th e  im aginary
p a r t  o f  th e  Green fu n c tio n  must v a n ish . T h is means th a t  f o r  £ *  » I , 
should  be zero  in s te a d  o f  -0 .0096  and a l l  v a lu es  o f  f ( i ^  f o r  E ^ l  
should  v an ish  In s te a d  o f  hav ing  th e  sm all p o s i t iv e  v a lu es  shown in  
Table 1. The numbers shown in  T able 1 a re  more a c c u ra te  than  those  
pu b lish ed  by K oster and S l a t e r ^  f o r  4o a ls o  ex tends t h e i r
r e s u l t s  to  in c lu d e  4y , 4x ftf *
R e fe rrin g  to  Eq. (11.54) th e  d e n s ity  o f  s t a t e s  p e r  atom f o r  a 
pure 0  c r y s ta l  can be seen  to  ta k e  th e  form
W hile in  th e  low c o n c e n tra tio n  l i m i t ,  in  view o f Eqs. (111.1) and 
(1 1 1 .1 2 ), Eq. (11 .54) becomes
( I I I . 17)
TA
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( I I I . 18)
- i « S , s 4 ( 4 e ) 3 “ ; 2 - 6 + X . O  .
In  th e  l i m i t  o f pure d iag o n a l randomness where S’, -  0 t h i s  reduces to
3
th e  accustomed form
< ■ " > — 7  > „ ( « -  t t ^ o  •
F in a l ly  th e  d e n s ity  o f  s t a t e s  can be ex p ressed  as  a t r i p l e  in te g r a l  
over th e  B r i l lo u in  zone:
p ( E ) = - **!*)] *} — ; — T V  * ' > ' * > —  (111. 20)
T  '  }‘ '  p *  < * > » ,* > +  ,
where
( 111.21)
= rR + ^rx .
and
(III.22)
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We a ls o  p re s e n t an a n a ly t ic a l  method to  c a lc u la te  th e  d e n s ity  o f s t a t e s  
in  th e  Appendix A.
In  F ig . 2 we p re se n t th e  s e lf -e n e rg y  £ "  f o r  th e  case Ft m 0 
w ith  S = 0>S and $** 2.0 . F ig . 2 ( a ) ,  in  which S “  0‘S and th e  
band i s  n o t  s p l i t ,  shows th a t  th e  1 lie  5 .°  I i s  r e l a t i v e ly  sm a ll and 
th e  R e 2 *  i s  n e a r ly  c o n s ta n t in  th e  low er p a r t  o f  th e  band. This b e -
3
h a v io r  i s  c h a r a c te r i s t i c  o f  th e  v i r t u a l  c r y s ta l  l i m i t .  At th e  h ig h e r  
e n e rg ie s , th e  im p u r itie s  produce a  v a r ia t io n  in  th e  Re 2 * and a v a l­
le y  in  th e  Im  2 °  . I f  the fie 2° i s  sm a ll, then  in  th e  v ic in i t y  o f  a 
v a l le y  in  th e  l m 2 * , a l l  th e  s t a t e s  o f  th e  v i r t u a l  c r y s ta l  over a 
range o f + | Im  2 ® | abou t th e  lo c a t io n  o f th e  minimum in  th e  v a lle y  
a re  s h i f te d  from h ig h  to  low d e n s ity  re g io n s . S ince in  th i s  case  th e  
v a l le y  i s  lo c a te d  between th e  c e n te r  and th e  upper edge o f  th e  v i r t u a l  
c r y s ta l  band, s t a t e s  a re  s h i f te d  from th e  c e n te r  ( th e  h ig h e r  d e n s ity  
reg ion ) tow ard th e  upper band edge ( th e  low er d e n s ity  reg io n ) to  a r r iv e  
a t  th e  a l lo y  d e n s ity  o f  s t a t e s .  T his s h i f t  i s  d isp la y e d  in  F ig . 5 ( b ) . 
In c re a s in g  S  to  2 .0 ,  in  F ig . 2 (b ) , s p l i t s  o f f  a  subband. The h o s t 
stibband, f o r  th e  most p a r t ,  d is p la y s  v i r t u a l  c r y s ta l  l i k e  b eh av io r .
2 *  has a  p o le  a t  E  s :  1.05 th a t  c re a te s  th e  subband shown in  F ig . 
6 (b ) .
F ig . 3 shows th e  s e l f - e n e rg ie s  o f  an e f f e c t iv e  medium w ith  
param eters = i  ,  S ~ 0- S t and o.oS . The v a lle y  o f
the  I> m 2 ' in  F ig . 3 (a ) ( J ,  s  +0,2. ) i s  s h i f te d  to  th e  r ig h t  and i s  
deeper compared to  th e  case f o r  =  0  in  F ig . 2 ( a ) .  I h is  leng thens 
th e  t a i l  o f th e  d e n s ity  o f  s t a t e s .  R e fe rr in g  to  Eq. ( I I I . 1 2 ), th e  re ­
sonances a r i s in g  from shou ld  be alm ost in v i s ib le  in  2 ° s in c e  they
a re  broad  and m u l t ip l ie d  by . They can be seen  in  2* s in c e  b o th
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p j -1 and D,”' a re  m u l t ip l ie d  by 5"|A . The b road  bump around th e
-4o r ig in  a r i s e s  from th o se  p o le s .  The s c a le  i s  10 so th i s  does n o t 
in tro d u ce  an ap p re c ia b le  c o n tr ib u tio n  to  f(G) • There i s  a  la rg e r  
sh o u ld e r on th e  low energy s id e  o f th e  v a l le y  o f th e  lm  2 , than  on th e  
2m 2 *  • I b i s  i s  a lso  a  consequence o f  th e  resonance in  P ,  , because
.i  -iin  b o th  D , and P ,  a re  m u ltip l ie d  by d , » so th e  resonance i s  
v i s ib l e .  and 2 ^ a re  q u ite  sm all f o r  th e  param eters used , in t r o ­
ducing on ly  sm a ll c o r re c tio n s  to  P IB).
By c o n t ra s t ,  d ec re asin g  S] to  -0,2 as d ep ic ted  in  F ig . 3 (b )  
causes th e  v a l le y  in  th e  £m 2 * to  s h i f t  toward th e  c e n te r  o f th e  band 
and to become sh a llo w er. This r e s u l t s  in  a sh o rten in g  o f th e  d e n s ity  
o f s t a t e s  h ig h  energy  t a i l  r e l a t iv e  to  th e  = 0  case  as shown in  
F ig . 5 . This e f f e c t  has  im po rtan t im p lic a tio n s  about th e  in f lu e n c e  o f 
th e  hopping in te g r a l s  on e le c tro n  lo c a l iz a t io n .  Long band t a i l s ,  o r
la rg e  Imi9 n e a r  a band edge, c o r r e la te  w ith  e le c tro n  s t a t e s  th a t  a re
25 26lo c a l iz e d ,  r a th e r  than  extended through th e  c r y s ta l .  * Thus in c re a s ­
in g  ^7 in c re a se s  th e  tendency tow ard lo c a l i z a t i o n  and d ec reasin g  i t  
has th e  o p p o s ite  a f f e c t .  I b i s  can be understood  by remembering th a t  
5 ”| ■ £  , so means |i\A8 > K 88 . I f  an e le c tro n  on
im p u rity  A atoms hops to  an a d ja c e n t B atom and h * S  K* \  i t  i s  more
l i k e ly  to  re tu rn  to  th e  atom than hop to  s t i l l  an o th e r B  atom, so 
th e  tendency tow ard lo c a l iz a t io n  in c re a s e s .  In  th e  re v e rse  case
H** once an e le c tro n  reaches a  8  atom i t  i s  a s s i s te d  in  going 
s t i l l  f a r th e r  by the  in e q u a l i ty  o f th e  hopping in t e g r a l s .
There i s  an o th e r  m ajor f e a tu re  i l l u s t r a t e d  in  F ig . 3. N otice
th a t  th e  Iwi 2 t i s  n e g a tiv e  f o r  > 0 and p o s i t iv e  f o r  5] < 0 • At
f i r s t  th i s  i s  d i s t r e s s in g  s in c e  w ith  ou r s ig n  convention on th e  Green
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fu n c tio n , a  p o s i t iv e  2 m 2  i s  no rm ally  a s s o c ia te d  w ith  growing waves, 
an unphysica l r e s u l t .  However, from Eq. (111.18) we see th a t  
m u l t ip l ie s  $ (if) and S(lt) v a r ie s  from + 1 to  - 1 through th e  
B r i l lo u in  zone. Thus changing th e  s ig n  o f  Xy*i only  changes th e  p a r t  
o f th e  zone where th e  p ro d u c t i s  p o s i t iv e .  I t  i s  easy  to
dem onstrate th a t  Tj in  Eq. ( I l l . 21) i s  always n eg a tiv e  f o r  a l l  5 ,
thus w h ile  th i s  e f f e c t  in tro d u ces  an a n iso tro p y  in to  th e  e le c tro n  damp­
in g , i t  does n o t v io l a te  p h y s ic a l reaso n in g  by causing  bo change
s ig n .  The im p lic a tio n s  o f  changing s ig n  a r e  fa c in a t in g ,
s in c e  i t  p re d ic ts  th a t  th e  e le c tro n s  have p re fe r re d  d ir e c t io n s  through 
which they can channe l. Thus, f o r  exam ple, even in  a cub ic  s o l id  the  
r e s i s t i v i t y  w i l l  be a n is o tro p ic  i f  th e  Fermi energy f a l l s  n e a r  th e  
resonance in  £* , and S (it) changes s ig n  fo r  e le c tro n s  moving in  d i f ­
f e r e n t  d ir e c t io n s  w ith  th i s  energy . FKS have done a  c o n d u c tiv ity  c a l­
c u la tio n  th a t  in c lu d es  th e  case i* 0  . While th i s  phenomena a lso
appears in  t h e i r  form alism , they  d id  n o t c a l l  a t te n t io n  to  i t .  S ince 
no num erica l e v a lu a tio n s  o f th e  c o n d u c tiv ity  accompany t h e i r  a n a ly s is  
i t  rem ains to  be seen i f  th i s  e f f e c t  i s  la rg e  enough to  be d e te c ta b le .  
I f  i t  i s ,  i t  w i l l  p ro v id e  a  s e p a ra te  measure o f S', .
In  F ig . 4 5 i s  eq u a l to  2 > which i s  a  very  s tro n g  s c a t ­
te r in g  case , and th e  band i s  s p l i t .  The p o le s  o f £ * and £ '  in  F fg . 
4 ( a ) ,  ta k in g  m O.Z * a re  s h i f te d  to  th e  r ig h t  r e l a t i v e  to  the  
case w ith  S, -  0 ,  and th e  v a l le y s ,  now go rg es , o f  , J m £ '  ,
Xm £ |  » and J a r e  lo c a te d  a t  E  2 :  /.I  . In  th e  o th e r  case
shown in  F ig . 4 (b ) w ith  S', * -0.2 , th e  p o le s  o f  jr*  , £ '  » 3f# » ^  
a re  s h i f te d  s l i g h t ly  to  th e  l e f t  and th e  Zm 2 ) ( ° r  Im J f /  ) re v e r­
sed  to  be p o s i t iv e .  C onsequently , th e  im p u rity  subband i s  s h i f te d  to
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th e  r ig h t  fo r  > 0  and to  th e  l e f t  f o r  < 0  as can be seen  in  
F ig . 6 .
We w ish to  em phasize th a t  th e  p o le s  and resonances in  th e
s e l f - e n e rg ie s  r e f e r r e d  to  in  th e  p rev io u s parag raphs a re  n o t the  same
as th e  n o n -a n a ly tic l  p a th o lo g ie s  in  th e  c l u s t e r  average Green fu n c tio n
27d isc u sse d  by N ick e l and B u tle r .  In  th e  c l u s t e r  approaches they  in ­
v e s t ig a te d  th e  average Green fu n c tio n s  e x h ib ite d  n o n -p h y s ica l b ranch  
cu ts  and po les  w ith  p o s i t iv e  im aginary p a r ts  th a t  correspond  to  growing 
waves. However, t h e i r  H am iltonian co n ta in ed  only  t r a n s la t io n a l ly  in ­
v a r ia n t  o f f -d ia g o n a l term s where Sy ° 0 . In  th e  l im i t  S"t ° 0 ,
th e re  a re  no unexpected p o le s  in  ou r s e l f - e n e r g ie s .  The only  p o le s  a re  
th o se  a s s o c ia te d  w ith  s p l i t  bands f o r  )  > I ,  o r  fo r  s u f f ic ie n t ly  
l a r g e . In  f a c t ,  as no ted  b e fo re  our ex p re ss io n  reduce in  th e  l im i t  
^T, = 0 , i d e n t ic a l ly  to  those  o f  SSA-CFA where no p a th o lo g ie s  in  £
e x i s t .  Thus, w hatever le a d s  to  th e  d i f f i c u l t i e s  in  th e  th e o r ie s  in ­
v e s t ig a te d  by N ick e l and B u tle r  do n o t e x i s t  in  our approach.
F ig s . 5 and 6 d e p ic t  th e  computed d e n s ity  o f s ta t e s  p e r  atom 
fo r  v a rio u s  c a se s . As n o te d  e a r l i e r ,  th e  th re e  cases in  F ig . 5 have 
d i f f e r e n t  band t a i l s .  Two o th e r  fe a tu re s  o f th e  curves in  F ig . 5 (a) 
m e rit comment. The f i r s t  i s  th e  peak in  th e  “h ig h  energy band t a i l .
This peak i s  lo c a te d  n e a r  th e  low energy  van Hove s in g u la r i ty  o f  th e  
pu re  A c r y s ta l  d e n s ity  o f  s t a t e s .  A c a r e fu l  a n a ly s is  o f th e  w id th  o f 
v i r t u a l  bound s t a t e  peaks in  a  K o stA r-S la te r model shows th a t  away 
from s in g u la r i t i e s  o f  th e  unpertu rbed  c r y s t a l s  d e n s i t ie s  o f  s t a t e s ,  
th e  w id th  w i l l  be to o  la rg e  (com parable to  th e  h o s t c r y s t a l  band w id th) 
to  produce a d is c e m a b le  peak. In  th i s  case th e  van Hove s in g u la r i ty  
o f  th e  pure A c r y s t a l  i s  a  f e a tu re  around w hich a  v i s ib l e  peak form s.
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No sharp  peak o f  th i s  s o r t  I s  e v e r  encoun tered  in  VKE, f o r  example,
28because they  use a  Hubbard model s e m i-e l l ip s e  d e n s ity  o f  s t a t e s  th a t  
i s  f e a tu r e le s s .  The peak i s  in t e n s i f i e d  by th e  e x t r a  e le c tro n  l o c a l i ­
z a t io n  caused  by a  p o s i t iv e  and i s  smeared i f  7 | i s  n e g a tiv e .
The second g e n e ra l fe a tu re  o f th e  curves in  F ig s . 5 and 6 i s  th a t  th e  
van Hove s i n g u l a r i t i e s ,  w h ile  s t i l l  v i s i b l e ,  a re  rounded c o n s id e ra b ly .
IV. ITERATION METHOD
a . ATA and IATA
As m entioned b e fo re ,  th e  com plicated  n a tu re  o f th e  CPA s e l f -  
c o n s is te n t  eq u a tio n  (Eq. (11 .23 )) p rec lu d es  a  s tra ig h tfo rw a rd  s o lu tio n , 
e s p e c ia l ly  f o r  a  h ig h  c o n c e n tra tio n  a l lo y .  To circum vent th i s  d i f f i ­
c u l ty ,  we s h a l l  invoke an i t e r a t i o n  method which was o r ig in a l ly  dev ised
29by S chw artz, B rouers , Vedyayev, and E h ren re ich  (SBVE) in  a s in g le -
22s i t e  approx im ation , and extended by Chen. SBVE p o in te d  o u t th a t  in
30 31many case s  th e  n o n - s e lf - c o n s is te n t  average t -m a tr ix  approxim ation * 
(ATA) i s  alm ost id e n t ic a l  to  CPA, and i s  a t  l e a s t  a  good f i r s t  app rox i­
m ation to  an i t e r a t i o n  le a d in g  to  th e  s e l f - c o n s i s te n t  CPA s o lu tio n .
Chen has examined th e  a p p l ic a b i l i ty  of i t e r a t i o n  o f  ATA ( r e f e r r e d  to  as 
IATA) and found, by n um erica l m ethods, th a t  a  d i r e c t  IATA s t a r t i n g  from
the v i r t u a l  c r y s ta l  w i l l  f in a l ly  le a d  to  th e  CPA s o lu tio n  fo r  a l l  en e r-
32g ie s  in  th e  CPA band and fo r  a l l  a l lo y  p aram ete rs . D u c a s te lle  has 
proved a n a ly t ic a l ly  th a t  IATA always converges to  CPA. These r e s u l t s  
encouraged us to  d e r iv e  an ATA and an IATA based  on th e  s in g le - c lu s te r  
approx im ation . We e x p e c t, a lthough  we have no a n a ly tic  p ro o f , th a t  
IATA based  on SCA w i l l  converge to  th e  CPA s o lu tio n  j u s t  as  in  th e  SSA 
case .
In  Sec. I I  we have d e f in e  th e  ensemble averaged Green func­
t io n  in  our c lu s t e r  approach as
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<6<i» = (*
"* (IV. 1)
=  a  - 1  \">' ZmLZ) • <  w  I ) “
M  —  *
I t  i s  u se fu l to  w r i te  th e  ex ac t ex p re ss io n  fo r  in  term s o f a  p e r i ­
o d ic  re fe re n c e  Green fu n c tio n ,
£  =  ( 2  -  H ) l ? ( i v . 2)
where
=  2  l # >  * ’ <*> I
and £ m i s  th e  re fe re n c e  s e lf -e n e rg y  m a trix  o f  c lu s t e r  »» . Then 
i s
H * f f =  R  +  < T > (  ' +  ,  (IV .4)
w ith  th e  T  o p e ra to r  d e fin ed  by
where
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W h  —
- 1
(IV .6)
As a  consequence o f  th e  SCA, we have
<!«> * TU ♦ <r?J >
=  < In >•-£»■ <**!><[ l + g < T - | ^ > .  J , -< n | ) )>  #
Rearrange Eq. (IV .7) to  o b ta in
< lr?>* Tn • <5*1 >
=  (»■+ < |n >•**-<*l > g  )“ W >  •*■»*<" I f l + G W ) ,r*m M
S u b s ti tu t in g  Eq. (IV .8) in to  Eq. (IV .4) le a d s  to  
H « fp  5" ll?> • %n • <W I
( IV .7)
(IV .8)
(IV .9)
11-*- <i*i^ * r .< n i 7n "  n
By invoking  th e  SCA, can be decomposed in to  c l u s t e r  c o n tr ib u tio n s
as
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I n >  • 2 W-<*»I
o r
(IV. 11)
where Q„ i s  th e  p ro je c t io n  o f £  onto  th e  lo c a l  reg io n  o f U« . Eq. 
(IV .11) i s  an ATA e x p re ss io n  which g iv es  a  c o r re c t io n  to  th e  re fe re n c e  
c lu s t e r  s e l f - e n e r g ie s . The second term  in  Eq. (IV .11) d e sc r ib e s  an e f ­
f e c t iv e  p o te n t ia l  m a tr ix  correspond ing  to  th e  average s c a t te r in g  m a trix  
o f c lu s t e r  n  .
The a p p l ic a t io n  o f  Eq. (IV .11) p ro v id es  i t e r a t i o n s  th a t  y ie ld  
a  su c c e ss io n  o f s e lf -e n e rg y  c o r re c t io n s .  E x p l ic i t ly ,  th e  i t e r a t i o n s  
have th e  form
n o te  t h a t ,  in  a l l  s ta g e s  o f  th e  i t e r a t i o n ,  th e  s e lf -e n e rg y  m a trix  com­
pu ted  f o r  a  c l u s t e r ,  and a  g iven  energy , i s  independent o f  th e  beh av io r
e n e rg ie s . S ince a l l  c lu s t e r s  in  th e  e f f e c t iv e  medium a re  e q u iv a le n t , 
Eq. (IV .12) reduces to  th e  m a tr ix  eq u a tio n
>
(IV .12)
where 5 ^  i s  th e  ^ - c l u s t e r  s e lf -e n e rg y  m a trix  o b ta in ed  in  the  
i t e r a t i o n ,  w ith  s im i la r  in te r p r e ta t io n s  fo r  f** and . We
and Gu* , be long ing  to  o th e r  c lu s te r s  o r  o th e r
a.**
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t '" ‘=  2‘*’+ ( * + < t'S • F'V- < t'"> (IV .13)
which i s  th e  b a s ic  equ a tio n  in  th e  IATA method. The re fe re n c e  s e l f ­
energy fo r  a  g iven s te p  in  th e  i t e r a t i o n  i s  found in  th e  p rev io u s  s te p .
b . N um erical Examples
The most convenien t i n i t i a l  cho ice  f o r  th e  re fe re n c e  medium 
i s  a v i r t u a l  c r y s ta l  whose c l u s t e r  s e lf -e n e rg y  m a tr ix , f o r  a  SC  s tru c ­
tu r e ,  i s
2'”  =
e £2
w
2
k
2
k
7
£
2
J i
2
£2 0 0 0 0 0 0
5 0 0 0 0 0 0
h
7 0 0 0 0 0 0
S2 0 0 0 0 (7 0
£2 0 0 0 0 0 0
IV 2 0 0 0 0 0
(IV .14)
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r ’=
c r r r fTr r
c iT £ £
£ f.- fT£ £
£ r £ C £ £ £
£ c c £ £ f.” £
£ *r -c fT£ £ £
r JT#r <*£ £ £
given by Eq. ( I I I .14) excep t th a t  1
1
now norm alized  to  W  =* 6 b = I , and "t I s
=  ( 1 -  u‘#). F ' V *  u'"
w ith.
u  =  w  -  yl-U
mmf
where fo r  th e  c lu s t e r  0  n e a r  th e  o r ig in
(IV .15)
e n e rg ie s  a re
(IV .17)
(IV .18)
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W  =
-bn.
2 2 Jisz2
Hay
2 2 “I
f
h.o
2 0 0 0 0 0 0
hio
2 0 0 0 0 0 0
Ji!£2 0 0 0 0 0 0
2 0 0 0 0 0 0
2 0 0 0 0 0 0
fuo
2 0 0 0 0 0 0
(IV .19)
F ig . 7 shows th e  IATA d e n s ity  o f s t a t e s  a f t e r  two I te r a t io n s  
fo r  an a l lo y  w ith  % =0,5 , Z m d.% and Zt = 0, ¥  , - 0.2 • The 
curves In  F ig . 7 e x h ib i t  th e  same g en e ra l tre n d s  as shown in  F ig s . 5 ,6  
f o r  th e  low c o n c e n tra tio n  l i m i t .  The a l lo y  band w id ths a re  g r e a te r  
than  th o se  o f  a v i r t u a l  c r y s t a l ,  th e  van Hove s in g u la r i t i e s  a re  v i s ib l e  
only  as smooth changes o f  c u rv i tu r e .  For = 0- *4 ( >  0  ) th e  h ig h
energy band t a i l  i s  ex tended , and in  th e  o p p o s ite  case 
th e  band t a i l  i s  c o n tra c te d . W hile th e se  g e n e ra l tre n d s  have been re ­
produced s e v e ra l  tim es in  n u m erica l e v a lu a tio n s  o f  th e  IATA ex p ress io n s  
th e  d e t a i l s  o f  th e  curves in  F ig . 7 should  be t r e a te d  w ith  c a u tio n . 
W hile we b e l ie v e  they a re  n e a r ly  c o r re c t  each curve r e q u ire s  —  3  0  minu­
te s  o f  running  tim e on a  CDC/6600, and we ran  o u t o f tim e b e fo re  some 
su sp ec io u s  f e a tu re s  in  th e  d e t a i l s  o f th e  o u tp u t could  be e lim in a te d . 
The s e lf - e n e rg ie s  tend  to  be broad  and f e a tu r e le s s ,  r e f le c t i n g  |^ e  in ­
flu en c e  o f th e  many resonances th a t  a r i s e  from c lu s t e r  c o n fig u ra tio n s  
w ith  d i f f e r in g  numbers o f  A and 8 atoms.
V. CONCLUSIONS
The m ajor advantages o f  th e  c lu s t e r  form alism  p re se n te d  h e re  
I s  t h a t  i t  I s  compact and s u f f i c i e n t ly  sim ple so  th a t  p h y s ic a l In s ig h ts  
about th e  phenomena i t  d e sc r ib e s  can be gained  through i t .  The m ajor 
drawback i s  th a t  i t  i s  d i f f i c u l t  to  p la c e  a  l im i t  on th e  accuracy  o f 
th e  app rox im ations, p a r t i c u la r ly  th e  SCA. This k in d  o f  q u e s tio n  i s  
u su a lly  d ea lttiw ith  by counting  th e  number o f  moments o f th e  d e n s ity  o f 
s t a t e s  th a t  a re  p rese rv ed  by th e  approx im ation . In  th i s  form alism  w ith  
a r b i t r a r y  hopping in te g r a l s  th e  moment a n a ly s is  i s  p ro h ib i t iv e ly  com­
p le x . The q u e s tio n  could  be s e t t l e d  by an a ly z in g  p ro g re s s iv e ly  la r g e r  
c lu s te r s  and se e in g  how th e  d e n s ity  o f s ta t e s  changes as a  fu n c tio n  o f 
c lu s t e r  s iz e .  Presumably th e  l a r g e s t  c lu s te r  s iz e  th a t  i s  s e n s ib le  i s  
one w ith  a  ra d iu s  eq u a l to  th e  coherence le n g th  o f  an e l e c t r o n . ^
The main r e s u l t s  o f  th i s  p ap er a re : th e  c lu s t e r  form alism ,
th e  r e a l iz a t io n  th a t  K*8 >  in c re a s e s  e le c tro n  lo c a l iz a t io n ,
w h ile  h * *  d ecreases  i t ;  th e  re c o g n itio n  th a t  when th e  Jm 2 | 4
0  t r a n s p o r t  p ro p e r t ie s  o f  even cub ic  a l lo y s  may be a n is o tro p ic ;  and 
th e  p h y s ic a l in s ig h ts  in to  th e  n a tu re  o f  th e  c l u s t e r  resonances .
The form alism  i s  s u f f i c i e n t ly  sim p le  so th a t  g e n e ra liz a tio n s  
should  be p o s s ib le .  S ev e ra l have a lre a d y  been su g g es ted , b u t an o th e r 
i s  th e  trea tm e n t o f  a l lo y s  w ith  s h o r t  range o rd e r . To account fo r  th e  
tendency o f  l i k e  atoms to  cong rega te , a l l  th a t  i s  needed i s  to  modify 
th e  r e l a t i v e  w eigh ts  in  th e  c o n f ig u ra tio n  average o f  th e  c lu s t e r
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t -m a tr ix  < t* >  . In  th e  random a l lo y  case  th e  atom ic t~ m a trix  o f 
c lu s te r s  w ith  no A atoms have w eigh t , w ith  one A atom have 
w eight , w ith  two A atoms have w eigh t > e t c .  To account
fo r  s h o r t  range o rd e r  th e  r e l a t i v e  w eight o f a  c lu s te r  w ith  an A atom 
on th e  c e n t r a l  s i t e  and an o th e r on a  n e ig h b o rin g  s i t e  would be in c re a s ­
ed , tr t iile  th a t  o f a  c lu s t e r  w ith  one o r  no A atoms would be decreased . 
P ro b a b il i ty  d is t r ib u t io n s  to  accom plish  th i s  s y s te m a tic a lly  a re  easy to  
c o n s tru c t .
B. STRAIN EFFECT ON THE ELECTRONIC DENSITY 
OF STATES AND dc CONDUCTIVITY OF DISORDERED 
BINARY ALLOYS
VI. INTRODUCTION
The m acroscopic e le c t r o n ic  p ro p e r t ie s  o f  a l lo y s ,  such a s  the  
dc e l e c t r i c a l  c o n d u c tiv ity , have been f r u i t f u l  s u b je c ts  fo r  experim ents. 
But th e  th e o r e t ic a l  in t e r p r e ta t io n  o f th e se  p ro p e r t ie s  has lagged  f a r  
behind  th e  w ealth  o f  ex p erim en ta l in fo rm atio n . I t  i s  e s p e c ia l ly  impor­
ta n t  to  develop a  th eo ry  fo r  th e  r e s i s t i v i t y  o f c o n ce n tra te d  a l lo y s ,  
because many o f th e  ex p erim en ta l methods th a t  h e lp ed  th e  understand ing  
o f purepm etals, e . g . , c y c lo tro n  resonance , de Hass-van-A lpen e f f e c t ,  
e t c . ,  do n o t work a t  a l l  in  a l lo y s .  For d iso rd e re d  system s many phys­
i c a l  p ro p e r t ie s  can be r e la te d  to  th e  c o n f ig u ra tio n  averaged Green
fu n c tio n . There was a  long se a rc h  fo r  a method to  c a lc u la te  t h i s  a v e r-
3
age Green fu n c tio n , and th e  c o h e re n t-p o te n t ia l  approxim ation  (CPA) has
been found to  p rov ide  a  conven ien t and a c c u ra te  approxim ation  fo r  i t .
23Chen, Weisz and Sher have perform ed a  model c a lc u la t io n  o f  th e  tem­
p e ra tu re  dependence o f th e  e le c t r o n ic  d e n s ity  o f  s t a t e s  and th e  e l e c t r i ­
c a l  c o n d u c tiv ity  o f  d iso rd e re d  b in a ry  a l lo y s ,  based  on th e  CPA by in t r o ­
ducing therm al d is o rd e r  in  th e  s in g le -b an d  model. They found th a t  th e  
e f f e c t  o f therm al d is o rd e r  i s  to  broaden and smear th e  s t a t i c - a l l o y  
d e n s ity  o f s t a t e s .  The e l e c t r i c a l  c o n d u c tiv ity  in  weak s c a t t e r in g
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a l lo y s  always d ecrease s  w ith  tem p era tu re . However, In  th e  s tro n g -
s c a t t e r in g  c a se , th e  tem pera tu re  c o e f f ic ie n t  o f  c o n d u c tiv ity  can be
n e g a tiv e , ze ro  o r  p o s i t iv e ,  depending on th e  lo c a t io n  o f th e  Fermi
35energy . B rouers and Brauwers have extended th e  c a lc u la t io n  to  an 
s - d .  two band model th a t  accoun ts  f o r  th e  g e n e ra l b eh av io r o f  th e  
tem p era tu re  dependence o f th e  e l e c t r i c a l  r e s i s t i v i t y  in  co n ce n tra te d  
t r a n s i t i o n  m etal a l lo y s .
In  t h i s  paper we g e n e ra liz e  Chen e t .  a l . ' s  work to  in c lu d e  
th e  e f f e c t  o f  u n ia x ia l  s t r a i n  on th e  tem pera tu re  v a r ia t io n  o f  th e  
e le c t r o n ic  d e n s ity  o f  s t a t e s  and th e  e l e c t r i c a l  c o n d u c tiv ity  o f  d is ­
o rd ered  co n ce n tra te d  b in a ry  a l lo y s .  E xperim en tally  s t r a i n  has a  sm all 
b u t  m easurable e f f e c t  on th e  c o n d u c t iv ity ,  and ou r model c a lc u la t io n s  
reproduce th i s  g en e ra l tre n d . We f in d  th a t  th e  m ajor e f f e c t  o f  th e
s t r a i n  i s  to  in tro d u c e  an e f f e c t iv e  s c a t t e r in g  s tr e n g th  Stff —
A f t  A f ty  •+ S S , where 5  and S a re  th e  s t r a i n  deform ation
e n e rg ie s  o f  th e  A and B atom s, r e s p e c t iv e ly .
VII. MODEL
The s im p le s t p o s s ib le  model e le c t ro n  H am iltonian th a t  in c lu d es  
s u b s t i tu t io n a l  im p u r i t ie s ,  therm al d is o rd e r  and s t r a i n  deform ation  i s  
th a t  f o r  a s in g le  band m odel,
H = H »  +  O +  0  + S  ,  (V I I .1)
where
m,ifi
(V II. 2)
re p re s e n ts  th e  p a r t  o f th e  H am iltonian o ff -d ia g o n a l in  s i t e  in d ic e s ,  
and th e  t r a n s f e r  in t e g r a l s  a re  assumed to  be p e r io d ic ,  and inde­
pendent of a l lo y in g  and l a t t i c e  d i s to r t io n ,
D  -  (V I I .3)
n
re p re s e n ts  th e  " s t a t i c  d is o rd e r"  H am iltonian w ith  e i t h e r  f  *  o r
, acco rd ing  to  w hether an A o r  0  atoms.-, i s  on s i t e  H ,
e  =  2 » n >  I  ( V I I - 4 )
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i s  th e  e lec tron -phonon  in t e r a c t io n ,  and
s = 2i"> s„<«i <***.»
fi
i s  th e  s t r a i n  deform ation  H am iltonian due to  an e x te rn a l  fo rc e . (See 
Appendix B) The phonon o p e ra to r  0M depends on which io n  occup ies 
s i t e  n  and on th e  phonon en erg y , w h ile  th e  deform ation o p e ra to r  S# 
depends on which ion  occup ies s i t e  n and th e  s t r a i n  deform ation  energy. 
The average Green fu n c tio n  can be expressed  as
A
where 2  s e lf -e n e rg y  o p e ra to r  and re p re s e n ts  an e f f e c t iv e  po­
t e n t i a l  f o r  th e  averaged c r y s ta l .  The double average means the  average 
over th e  io n ic  p o s it io n s  and th e  average over c o n f ig u ra tio n s . Accord­
ing  to  th e  CPA p r e s c r ip t io n ,  th e  s e l f - c o n s is te n t  eq u a tio n ,
must be so lved  fo r  £  . In  Eq. (V II. 7) "T* i s  th e  s c a t te r in g  o p e ra to r  
and IT i s  random p a r t  o f th e  H am iltonian due to' s u b s t i tu t io n a l ,  therm al 
and defo rm atio n a l d is o rd e r ,  o r
XT s ;  O  +  0  +  S  . ( v i i . 8)
Employing th e  " s i n g le - s i t e  app rox im ation ,''3*23,33 ^  ( v n .7 )  can be 
reduced to  th e  CPA e q u a tio n ,
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4 t . 35 +  ( t r - i w) g T „ » s o ^ (V II.9)
a
where , a re  d efin e d  by
1  =  2  £ a  (V II.10)
»• *
tf = z tr„ .„  . (V II .11)
A
As d iscu ssed  in  p rev io u s  papers  th e  choice o f  th e  o p e ra to rs  i s  n o t
un ique, b u t the  sum over must add to  th e  o p e ra to r  J  and s a t i s -
A
fy  Eq. (V II .7) in  a  s e l f - c o n s i s te n t  s o lu t io n .  A s c a la r  s o lu tio n  fo r  £ 
can be found, such th a t  th e  s e lf -e n e rg y  i s  a  sum o f s i t e  c o n tr ib u tio n s ,  
o r
s  | « > 2  < » l  , (V II .12)
Thus th e  o p e ra to r  e q u a tio n , Eq. (V II .9 ) ,  becomes th e  s c a la r  eq u a tio n ,
«  - = S r  5--------- “------------- -- »  S5 0  (V II. 13)
•  -  (  6 * .  +  Q* +  S *  -  2  )  F
The d e n s ity  o f s t a t e s  p e r  atom can be determ ined from th e
stan d a rd  form ula,
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p ( t )  = t  ^  I mF ( £  +  * 0 ) ^ (V II .14)
. 3 ,23where
VCl> 5  < e |  ( S f i J I O - i
 !  . 2 - e - . n  <r a I - 15>-  2 . ~  “ 3  ' at -  6 + a 0 .
^  2 - * ( 5 ? ; -K e ,? >
Use o f  th e  g en e ra l p e r io d ic  p ro p e rty  o f  th e  s e lf -e n e rg y  y ie ld s ,
i<a> =■ I l C > Z ( i , i e > < S l  (v n .i6 )
M.
^  23
where th e  k e ts  |1 t>  a re  th e  "mock Bloch s t a t e s "  o f ))t d e fin e d  by
l *t> s  ( X fi )  I c 4 l ,1> (V I I .17)
w ith  energy 6 (M) g iven  by
_  < i ? • * : ,
=  h „  m i .  u )
and 1C i s  th e  u su a l wave v e c to r  i n  th e  B r i l lo u in  zone a s s o c ia te d  w ith  
th e  s t a t i c  c r y s t a l  l a t t i c e .  Then we can o b ta in  F in  term s o f  ,
(V I I .19)
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where
F .C * ; =  =  <o\6,(i)  ) 0 >
_  J .  <r I___________  ( v i i . 20)
N *  i  -  ert>
and G . ( » )  i s  th e  Green fu n c tio n  In  th e  "m ock-periodic" c r y s ta l  de­
sc r ib e d  by as d efin e d  by
- i _  l ? x i f i«.(»>» = |  <ra '21>
33V elicky  has  d e riv e d  an ex p re ss io n  f o r r th e  c o n d u c tiv ity ,
(VII-22)
where 0* i s  th e  dc e l e c t r i c a l  c o n d u c tiv ity , i s  th e  volume p e r  atom,
A i s  th e  r e a l  p a r t  o f s e lf -e n e rg y  £ ,  and A th e  a b so lu te  v a lu e  o f  th e
im aginary  p a r t  o f 2  » th e  fu n c tio n  ^  i s  th e  Ferm i-D irac d i s t r i b u t io n ,
\T  i s  th e  m agnitude o f  th e  e le c t ro n -v e lo c i ty  o p e ra to r .
In  o rd e r  to  c a lc u la te  th e  c o n d u c tiv ity  and d e n s ity  o f  s t a t e s ,  
a  method to  compute th e  averages in  th e  s e lf -e n e rg y  e q u a tio n , Eq.
(V II .1 3 ), i s  needed. This has been accom plished f o r  th e  e le c t r o n -
23phonon in te r a c t io n  in  CHS' p a p e r, and our a t te n t io n  i s  now d ire c te d  
to  i t s  g e n e ra l iz a t io n  to  in c lu d e  th e  s t r a i n  deform ation  o f th e  a l lo y .
V I I I .  DISTRIBUTION FUNCTION
In  th e  s p i r i t  o f  p rev io u s c a lc u la t io n s  th a t  t r e a t  only  random 
d iag o n a l te rm s, we can in c o rp o ra te  a l l  o f f -d ia g o n a l c o n tr ib u tio n s  from 
phonons and s t r a i n s  in to  th e  hopping in t e g r a l s .  Then fo llow ing  th e  
u su a l p r a c t ic e  o f dropping in  low est o rd e r  e f f e c t s  o f s t r a i n  and phon­
ons on th e  e le c tro n  e f f e c t iv e  m ass, we n e g le c t  them. The rem aining 
e lec tron -phonon  and s t r a i n  term s do n o t conserve c r y s ta l  momentum and 
a re  re p re se n te d  in  our model [Eqs. (V II .4) and (V II .5 )]  by th e  lo c a l  
H am iltonian
Hap* * e  + s = £, n>(+ * (vni.i)
The phonon average o f any fu n c tio n  ^  +  S « )  of th e  o p e ra to rs
0 *  and S M i s
where
p . -
- i
( V I I I .3)
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and th e  t r a c e  i s  o ver a l l  s t a t e s  o f  th e  l a t t i c e  m otion. Hpi, i s  the 
H am iltonian d e sc r ib in g  th e  atom ic m otion o f th e  a l lo y  in  a  g iven con­
f ig u ra t io n  and i s  d efin ed  by
S=»
in  th e  harmonic approx im ation , where b$ and l?$ a re  th e  c re a tio n  
and d e s tru c t io n  o p e ra to rs  f o r  a  phonon in  s t a t e s  w ith  frequency  .
The average <  ^  ( 0 W + S* ) can a ls o  be  w r i t te n  in
terms o f  th e  p ro b a b i l i ty  d i s t r i b u t io n  as
< f  > p =  }  {(*[+ **> P „ < rl>  (V I I I .5)
at
where
<
'-tO
and th e  c h a r a c te r i s t i c  fu n c tio n  fo) i s  d e fin e d  as
I (*
P . d i  =  7 7 ]  ,
f   *41
(V I I I .6)
• P . i a ) =  (V III ‘7>
Under u n ia x ia l  s t r a i n ,  i t  i s  assumed th a t  each l a t t i c e  s i t e  s to r e s  th e  
s t r a i n  deform ation  energy o r  5®  , acco rd ing  to  w hether an A atom
o r  B  atom i s  lo c a te d  a t  th a t  s i t e ,  so th e  i n f i n i t e  range o f  th e  i n t e ­
g r a l  Eq. (V I I I .5) p erm its  i t  to  be r e w r i t te n  as
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< f  ( 0 * S«*)>p a  (  ^ - f O O  “ •*•*) # ( v i i i . 8)
-  o»
23Follow ing th e  p rocedu re  developed by CWS, th e  d i s t r ib u t io n  fu n c tio n  
becom es,
•Vi " ( 1 ”Pw ( 1 * *» S C 2 iro(* J C  (V I I I .9)
»
23where o (M > r e la te d  to  the  D ebye-W aller f a c to r ,  i s  roughly  e s tim a ted  
a t  h ig h  tem pera tu re  to  be
p< 2 - ^ . 2  —  (v i i i . 10)
X *  ,
and Xw t i^e m e ltin g  p o in t  fo r  pu re  c r y s ta l s  c o n s is t in g  o f  th e  type
4L
o f atom lo c a te d  a t  th e  Hr s i t e .  The d e r iv a tio n  o f  Eq. (V I I I .10) 
assumes th a t  th e  Fermi le v e l  i s  a t  th e  c e n te r  o f th e  band. From Eq. 
(V I I I .9 ) ,  th e  s t r a i n  can be seen to  s h i f t  th e  c e n te r  o f  th e  d i s t r ib u ­
t io n  fu n c tio n  w h ile  th e  tem p era tu re  broadens i t .  C onsequently , th e  
h ig h e r  th e  tem pera tu re  th e  le s s  im po rtan t a  g iven s t r a i n  i s  on th e  
e le c t r o n ic  p ro p e r t ie s .
The s c a la r  in te g r a l  eq u a tio n  f o r  now becomes
<  ( 1  « < * . > *  e  *■ “ )>c * 0 . m u . i d
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D efine a  lo c a l  d i s t r i b u t io n  (* ( )  > which i s  th e  average o f  
over a l l  c o n fig u ra tio n s  w ith  an A atom a t  th e  VI s i t e ,  and d e fin e  
P.<n> s im i la r ly .  Then Eq. ( V I I I .11) becomes
W A j S f e > - 0  • « “ •“ >
Again fo llow ing  CHS, we tak e
F* 9 1 1 '  s*'9> 3  ■( ** ^ 20(^ # ( v i i i .  13)
* •
The in p u t param eters  oi^  and a re  l i n e a r  in  tem pera tu re  a t  high
te m p era tu res . At low te m p era tu res  th e  o< 5  a re  p ro p o r tio n a l  to  T *  ,
r a th e r  than  th e  Bloch b eh av io r a r i s in g  because momentum s c a t te r in g
36—38r a te s  e n te r  f o r  pu re  c r y s ta l s .  We s p e c u la te  th a t  s in c e  im purity
s c a t t e r in g ,  fo r  m oderately  la rg e  s c a t t e r in g  s tre n g th s  S’ and im purity  
c o n c e n tra tio n s  X , broadens th e  e l e c t r o n ic  momentum s t a t e s  to  w idths 
th a t  exceed th e  Debye energy , a l l  e lec tron -phonon  s c a t t e r in g  even ts 
correspond to  la rg e  an g le  s c a t t e r in g  so  th e  X® law may be th e  c o r re c t 
low tem p era tu re  l im i t .
IX. MODEL CALCULATIONS
In  o rd e r  to  c a lc u la te  th e  d e n s ity  o f  s t a t e s  piB) and the
c o n d u c tiv ity  (7*, we must f i r s t  review  th e  p rocedure f o r  f in d in g  th e  
s e lf -e n e rg y  2  • Once th e  s e lf -e n e rg y  i s  o b ta in ed  th e  d e n s ity  o f  s t a t e s  
?<e)  i s  computed from Eq. (V I I .14 ). However, s in c e  in  th i s  paper we 
a re  in v e s t ig a t in g  only  th e  g e n e ra l tre n d s  in tro d u ced  by s t r a i n ,  i t  i s  
n e i th e r  conven ien t n o r p r o f i t a b le  to  s t a r t  th e  c a lc u la t io n  from a  de­
t a i l e d  € ( J c J .  In s te a d , a sim ple  model form f o r  th e  pure c r y s ta l  den-
33 23s i t y  o f  s t a t e s  ftfe; w i l l  be used . Follow ing V elicky and CVS, we
39have adopted th e  Hubbard e l l i p s e  model,
where th e  energy i s  in  u n its  o f  h a lf-b a n d  w id th  W. D efine th e  o r ig in
( 2/ v H \ , I el  5 i
( ix . i )
o f  energy and th e  s c a t te r in g  s t r e n g th  ^  by
/
(IX .2)
in  u n i t s  o f  th e  h a lf-b an d  w id th .
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To so lv e  fo r  £ from th e  in t e g r a l  e q u a tio n , Eq. (V I I I .12) 
re w r ite  Eq. (V I I .13) in  a  form th a t  i s  u s e fu l  fo r  i t e r a t i o n
*  l -(6 ,
In  th e  p ro cess  o f  i t e r a t i o n ,  we s t a r t  w ith  some a p p ro p r ia te  F > then 
compute £ from Eq. (IX . 3 ) , which in  tu rn  p rov ides a  new F from th e
3
r e la t io n ,
F ( 2 )  «  F.( * - 2 >  -  2 ( a - 2 )  - . ax.4>
The re fe re n c e  s e lf -e n e rg y  fo r  a  g iven s te p  in  the  i t e r a t i o n  i s  th a t
found in  th e  p rev io u s  s te p .  The r a t e  o f  convergence o f £  depends on a
good cho ice f o r  th e  i n i t i a l  F . The b e s t  i n i t i a l  t r i a l  v a lu e  fo r  F  i s
—(0)
g e n e ra lly  th e  s t a t i c  a l lo y  F
To i t e r a t e  Eq. (IX .3 ) ,  th e  fo llow ing  average i s  encountered
re p e a te d ly
« I a-(«. +«» s-)- £
= jd  n (
J 3 t
(IX.5)
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T his r e l a t io n  can be reached  more d i r e c t ly  by combining $  and D in ­
s te a d  o f combining Q +  S  (see  Appendix C ), b u t then  th e  in s ig h ts  
gained  from Eq. (V IZ I.13) a r e  l o s t .  Comparing Eq. (IX .5) w ith  Eq. (118) 
in  Ref. 23, i t  i s  c l e a r  th a t  i f  S *  *  S * , th e  s e lf -e n e rg y  and th e
d e n s ity  o f s t a t e s  a re  id e n t ic a l  to  th o se  o f an a l lo y  w ith o u t s t r a i n
A f texcep t f o r  a  s h i f t  o f th e  e n e rg ie s  £  and £  by th e  s t r a i n  p o te n t­
i a l  energy £ *  . In  g e n e ra l i t  can be seen  from th e  form o f Eq. (IX .5) 
th a t  th e  a f f e c t  o f th e  s t r a i n  on th e  s e lf -e n e rg y  i s  to  in tro d u c e  an 
e f f e c t iv e  s c a t t e r in g  s t r e n g th  Sfff 8  J  *  S *  ”  S®
To compute th e  c o n d u c tiv ity , we assume a  cub ic  l a t t i c e ,  so
23th e  averaged c o n d u c tiv ity  i s  i s o t r o p ic .  Then CWS were ab le  to  d e riv e  
a  s im p lif ie d  c o n d u c tiv ity  fo rm ula ,
cr =  <r ( \ +  \  ( ix .6)
i f  Fermi le v e l  £-p i s  n o t to o  c lo se  to  a  band edge, o r  o th e r  s in g u la r ­
i t y ,  and where
12-t tc ,
w ith  iJJ,, b e in g  th e  maximum v e lo c i ty  in  th e  band. Thus th e  conductiv ­
i t y  i s  a  fu n c tio n  o f  th e  d e n s ity  o f  s t a t e s  a t  th e  Fermi le v e l .  The 
Fermi le v e l  under u n ia x ia l  s t r a i n  a t  each tem p era tu re  can be found by 
so lv in g  th e  eq u a tio n ,
£  ) d fc (IX . 8)
*  * (  V-0*
where
by
i s  th e  average number o f  e le c tro n s  p e r  a l lo y  atom and i s  g iven
c s x cA + k c. (IX .9)
where and C9  a re  numbers o f  e le c tro n s  p e r  atom fo r  pu re  and
0  c r y s ta l s .
X. NUMERICAL EXAMPLES
In what fo llow s we p ic k  some ty p ic a l  v a lu es  o f  each param eter 
fo r  num erical I l l u s t r a t i o n  o f  th e  r e s u l t s .  In  F ig . 8 th e  s e lf -e n e rg y  
i s  p lo t te d  as a  fu n c tio n  of energy in  u n i ts  o f  th e  h a lf-b a n d  w id th .
The a l lo y  has a  co n s ta n t co n c e n tra tio n  X  *  9, 5 and s c a t te r in g  
s tre n g th  f  s  o%S » b u t fo u r d i f f e r e n t  s t r a i n s  a re  chosen: The s t r a i n
p o te n t ia l  en e rg ie s  a re  » 0, olS , 9,9*1% and 0,0 f  %
denoted re s p e c tiv e ly  by A > ft » C , D  . In  t h i s  f ig u re  i s  s e t
equal to  ot^  s  O. Co ?5 i which re p re se n ts  a  tem p era tu re  n e a r room 
tem perature fo r  ty p ic a l  c r y s ta l s .  The r a t i o s  and ! % A
=  * y *  was made 
because th e  oi S and th e  S'S b o th  depend on the  same re s to r in g  
fo rc e s  so th e i r  r a t i o s  should be approxim ately  e q u a l. The r e a l  p a r t  of 
th e  se lf-e n e rg y  ( s o l id  l in e )  i s  s h i f te d  tow ard h ig h e r  en e rg ie s  as th e  
s t r a i n  energy in c re a se s  and th e  p o s it io n  o f th e  v a l le y  in  th e  im aginary
p a r t  o f  s e lf-e n e rg y  has th a t  same tre n d . The depth  o f  the  v a l le y  in
th e  1ml decreases as S A in c re a s e s .  This i s  a r e f l e c t i o n  o f th e
decrease  in  =  $ +  S *  — S *  =  S SA as S A in c re a s e s .  The
t i l t  o f the  Xm 1 from h igh  to  low energy i s  a  consequence o f th e  
choice *•/*. - * ■ The i t e r a t i o n  p rocedure  y id ld s  u n re lia b le  r e ­
s u l t s  fo r  1ml n e a r  s in g u la r i t i e s ,  i . e . ,  band edges. However, in  
th e se  reg ions 1ml i s  sm all so th e  d e n s ity  o f  s t a t e s  can be found 
from th e  r e la t io n  p( S ) 2  f>,(e-z*2(e))  40
are  both  s e t  equal to  Z . The choice
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The d e n s ity  o f  s t a t e s  as a  fu n c tio n  o f  s t r a i n  energy f o r  th e  
a l lo y  6f  F ig . 8 a re  shown in  F ig . 9 . In c re a s in g  th e  s t r a i n  energy con­
t r a c t s  th e  band s l ig h t ly  and s h i f t s  i t  to  th e  r i g h t .  The d e n s ity  o f 
s t a t e s  a ls o  becomes more unsym m etric, w ith  th e  upper-energy  p a r t  con­
t r a c te d  more than  th e  low er-energy  p a r t .
Once the d e n s ity  o f  s t a t e s  and th e  im aginary  p a r t  to  the 
s e lf -e n e rg y  a re  known, th e  c o n d u c tiv ity  as a  fu n c tio n  o f  th e  Fermi 
le v e l  i s  e a s i ly  o b ta in ed  from Eq. (IX .6 ) .  F ig . 10 d e p ic ts  th e  conduc­
t i v i t y  fo r  an a l lo y  w ith  th e  same param eters  as shown in  F ig s . 8 and 9. 
The sm all change in  th e  tem pera tu re  v a r ia t io n  o f c o n d u c tiv ity  under 
s t r a i n  i s  a  r e s u l t  o f  a com p etitio n  between d i s to r t io n s  o f  d e n s ity  o f 
s t a t e s  and a s h i f t  in  Fermi le v e l .  The s t r a i n  d i s t o r t s  th e  d e n s ity  of 
s t a t e s  which e f f e c t s  th e  c o n d u c tiv ity  by changing th e  e f f e c t iv e  c a r r i e r  
c o n c e n tra tio n  and th e  d e n s ity  o f  f i n a l  s t a t e s  in to  which e le c tro n s  can 
s c a t t e r .  However, as th e  d e n s ity  o f s t a t e s  d i s to r t s  th e  Fermi le v e l  
a lso  changes in  such a  way th a t  i t  tends to  f a l l  on th e  d e n s ity  o f 
s t a t e s  o f  th e  u n d is to r te d  c r y s t a l .
As d iscu ssed  in  p rev io u s papers p r a c t i c a l  c a lc u la t io n s  o f the  
c o n d u c tiv ity  o f  an a l lo y  a re  most e a s i ly  persued  a s  a  fu n c tio n  o f th e  
number o f e le c tro n s  p e r  atom in s te a d  o f  f ix in g  the  Fermi le v e l .  In  
F ig . 11 we p re s e n t t h i s  k ind  o f p lo t  fo r  d i f f e r e n t  tem p era tu res . The 
th re e  curves correspond to  th e  tem p era tu res : — 0.0 o 3*1 S ,
O.oo 75 » 0.0 IS . O v e ra ll th e  change in  c o n d u c tiv ity  i s  p ropo r­
t i o n a l  to t th e  s t r a i n  p o te n t ia l  energy . I t  i s  c l e a r  from th e  a n a ly t ic a l  
ex p re ss io n  (Eqs. (V I I I .9 ) ,  (V I I I .13 )) as w e ll  as th e  num erica l r e s u l t s  
th a t  th e  s e n s i t i v i ty  o f th e  c o n d u c tiv ity  to  s t r a i n  d ecreases  as  th e
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tem peratu re  in c re a s e s .  This can be  seen by comparing th e  spac ing  be­
tween two a d ja c e n t cu rves a t  each tem p era tu re . The e x p la n a tio n  o f  th i s  
phenomena i s  th a t  th e  therm al m otion averages ou t th e  coh eren t s t r a i n  
d isp lacem en ts .
F ig . 12 shows th e  co rresponding  r e s i s t i v i t y  as a  fu n c tio n  o f 
s t r a i n  p o te n t ia l  energy S *  a t  v a r io u s  tem p era tu res  fo r  th e  two ca ses :
(a) number o f e le c tro n s  p e r  atom p e r sp in  i s  0 .2 5 , (b) number o f e le c ­
tro n s  p e r atom p e r sp in  i s  0 .5 .  I t  i s  i n t e r e s t in g  to  see  th a t  in  case
(b) the  s t r a i n  a f f e c t s  th e  r e s i s t i v i t y  much more than in  case ( a ) .
T his in d ic a te s  th a t  th e  s t r a i n  e f f e c t  on th e  e l e c t r i c a l  r e s i s t i v i t y  i s  
s e n s i t iv e  to  th e  lo c a tio n  o f  th e  Fermi le v e l .
X I. CONCLUSIONS
In  th e se  concluding  rem arks we w ish to  address th re e  ques­
t io n s :  (a) How can th e  a n a ly s is  p re se n te d  h e re  be used to  h e lp  e x t r a c t
in fo rm a tio n  about a l lo y s  from experim en ta l data?  (b) What d ir e c t io n  do 
th e  In s ig h ts  gained  from th i s  s tu d y  su g g est to  those  concerned about 
te c h n o lo g ic a l a p p l ic a t io n s  o f a l lo y s ,  e . g . ,  s t r a i n  gages? (c) What 
a d d itio n s  need to  be made to  the  theory  so i t  can be expected  to  apply 
to  i n t e r e s t in g  c la s s e s  o f  m a te r ia ls ?
The m ajor e f f e c t  o f  s t r a i n  on th e  c o n d u c tiv ity  i s  th a t  i t  
in tro d u ces  an e f f e c t iv e  s c a t t e r in g  s tre n g th
J  +  5  . Thus s t r a in in g  th e  c r y s ta l  m odulates th e  s c a t t e r in g  s tre n g th ,
and f o r  a  g iven a l lo y  i t  p erm its  a  study  o f th e  v a r ia t io n  of th e  con­
d u c t iv i ty  as a  fu n c tio n  o f  . Note th a t  w h ile  a l l  the  num erica l exam­
p le s  a re  fo r  5 * <  S ® (g iven  ) th e re  i s  no a  p r i o r i  re a ­
son to  expec t th i s  in e q u a l i ty  to  be tru e  fo r  a l l  a l lo y s .  Thus th e  
s t r a i n  can cause r « f f  to  in c re a s e  o r  d ecrease  depending on d e t a i l s  o f 
th e  a l lo y  c o n s t i tu e n ts  atom ic p ro p e r t ie s .  The k ind  o f  in fo rm atio n  can 
be seen  most e a s i ly  by exam ining th e  a n a ly t ic  e x p re ss io n s  found by CSW 
fo r  , A and (T in  th e  s p e c ia l  case  o f a 50-50 a l lo y  w ith  $ <  I , 
ekA s o(g s 0 , and = O . (See t h e i r  Appendix 6) .  These r e s u l t s
a re  summarized in  th e  ex p ress io n s
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* )  s  1 +  — « c ) ^  ( j a . D
"■C * * .•>  -  ¥ - 1  S10 £  + * T t . -  S .«  >) ,  ® .»
1 % (lif t -  <f ) ( I + ( | -  5cft >*}
) a (  " r   ^ / I — * j  (x i. 3)
^ • (f  ^ 1 + z ^  I -  SVff )
where i t  i s  understood  th a t  a l l  q u a n t i t ie s  a re  e v a lu a te d  a t  th e  Fermi 
energy . S ince th e  aA and s t r a i n  energy v a r ia t io n  o f (f i s  seen  from 
our num erical examples to  be n e a r ly  l i n e a r  even f o r  th e  r e l a t iv e ly  
la rg e  v a lu es  o f  5  u sed , a  good approxim ation  to  Eq. (X I.1) i s
i +  J L h £ L L ± L - .g
, ,  . aJU fffo s) 1JL,r(S.i>) . t  (X I.4)
*• I I S  2* 3 o ( i y  'v*/
The s t r a i n  energy $  i s  p ro p o r tio n a l to  th e  s t r e s s  (see  Appendix B ), 
and a t  tem pera tu re  ot i s  p ro p o r tio n a l to  T • Thus th e re  a re  fo u r mea­
su ra b le  q u a n t i t i e s  in  Eq. (X I.4 ) ,  th e  c o n d u c tiv ity  a t  zero  s t r a i n  
and tem peratu re  (p( T,0) » th e  s lo p e  o f th e  c o n d u c tiv ity  v a r ia t io n  w ith
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r  0 ) <th e  s t r e s s  P a t  zero  tem pera tu re  (T ( S 0) —-   * i -5L ; th eb t  P
v a r ia t io n  o f  th e  c o n d u c tiv ity  w ith  tem p era tu re  a t  zero  s t r e s s
(T ( ™ - ; and f i n a l l y  th e  change in  th e  l a s t
i  ^  T
quan ity  w ith  s t r e s s
«• - v t 2 t * v ( S to ) _ 2 j ^ T ( S t v )  _ 7?'Sm Q'(S,o)  \  s  o<
t s  t«  • ' e  ~ .
There a re  a ls o  fo u r  unknowns in  th e se  e x p re s s io n s . They a re  5" ,
0* C or t/J,, )  ■ V P ,  and * / t  S ince th e re  a re  fo u r measured num­
b e rs ,  in  p r in c ip a l  a l l  th e  unknowns can be determ ined . For exam ple, 
the  r a t i o  o f  th e  m easurable q u a n t i t i e s
I  r ( M
, . i i xi * r  \  (x i.5)
=  l +  I 2 * 2  i  /  2 S  3 *  )
depends only  on % as can be seen from Eqs. (XI. 1 ) - (X I.3 ) . While Eqs. 
(X I.1 )-(X I.3 )  a re  v a l id  only  fo r  a  50-50 a l lo y  Eqs. (X I.4 ) ,  (X I.5) a re  
c o r re c t  in  g e n e ra l,  b u t they  would have to  be e v a lu a te d  n u m e rica lly  in  
o th e r  c a se s . Thus fo r  a l lo y  system s where th e  approxim ations o f t h i s  
theo ry  h o ld , th e  com bination o f  th e  tem p era tu re  and s t r a i n  v a r ia t io n  o f 
th e  r e s i s t i v i t y  w i l l  y ie ld  th e  s c a t t e r in g  s t r e n g th ,  th e  maximum e le c tro n  
v e lo c i ty  in  th e  band, and th e  tem p era tu re  and s t r a i n  coup ling  c o n s ta n ts  
^ J i   ^ S J  , Once th e se  param eters a re  determ ined then  th e  d e n s ity  o f 
s t a t e s ,  th e  e le c tro n  s c a t t e r in g  r a t e ,  and o th e r  in te r e s t in g  q u a n t i t i e s
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can be c a lc u la te d  f o r  com parison a g a in s t o th e r  experim en ts. While t h i s  
a n a ly s is  I s  c o r r e c t  w ith in  th e  co n tex t o f th e  model t r e a te d ,  and i t  may 
even be u s e fu l to  ex p erim en te rs  in  th e  I n te r p r e ta t io n  o f tre n d s  in  t 
t h e i r  r e s u l t s ,  th e  approxim ations a re  such  th a t  i t s  d e ta i le d  a p p lic a ­
t io n  shou ld  be approached w ith  some c a u tio n . These q u es tio n s  w i l l  be 
d isc u sse d  in  more d e t a i l  p r e s e n t ly .
41The s e n s i t i v i t y  o f  s t r a i n  gages i s  m easured by th e  gage 
f a c to r  Gf which i s  th e  f r a c t io n a l  change in  r e s is ta n c e  d iv ided  by th e  
f r a c t io n a l  change in  le n g th  X  of a  r e s i s t o r
f  A % ) / ^ l / ^ )  s  , + a , t  a x l *  f  « • »
w here ^  i s  P o is so n ’s r a t i o  which f o r  ty p ic a l  m a te r ia ls  v a r ie s  from 
=  O .z * - *  o.S  . A Poisson  r a t i o  o f  0 .5  corresponds to  an incom­
p r e s s ib le  s o l id ,  one fo r  which th e  le n g th  and w idth  change in  such a 
way th a t  th e  volume does n o t vary  w ith  a p p lie d  s t r e s s .  M a te r ia ls  n e a r  
t h e i r  m e ltin g  p o in t  seem to  have P o isson  r a t i o s  n e a r  0 .5 .  Hard m ater­
i a l s ,  e .g .  r e f r a c to r y  m e ta ls  n e a r  room te m p era tu re , have ^  v a lu es  
ty p ic a l ly  n e a r 0 .3 .
41M a te r ia ls  a re  chosen f o r  gages th a t  have e s s e n t i a l ly  tem­
p e ra tu re  independent gage f a c to r s  because a  tem p era tu re  v a r ia t io n  o f 
th e  r e s is ta n c e  w i l l  mask a  s t r a i n  v a r ia t io n .  A lthough techn iques  in ­
v o lv in g  s e v e ra l  gages in  b r id g e  arrangem ents e x i s t  to  s e p a ra te  s t r a i n  
from tem p era tu re  v a r ia t io n s  o f  th e  r e s is ta n c e ,  th e  u lt im a te  l i m i t  to  
th e  s e n s i t i v i t y  o f  gages in  many a p p l ic a t io n s  rem ains th o se  caused  by
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tem p era tu re  changes. Thus, to  o p tim ize  gage perform ances one w ants
S la rg e  and n e g a t iv e ,  and It*  r i t e  1  2  0  • Using
th e  g e n e ra l th e o ry  one can hun t through 2 and X  param eter space  to  
f in d  th e  b e s t  v a lu e s ,  and then  t r y  to  f in d  a m a te r ia l  th a t  behaves in  
th e  p re s c r ib e d  fa sh io n . In  th e  s p e c ia l  case o f th e  50-50 a l lo y  no one 
choice s a t i s f i e s  bo th  req u irem en ts . From Eq. (X I.3) i t  i s  c le a r  th a t  
S  »  O. S y ie ld s  s 0  so  w ith  t h i s  cho ice th e re  i s  no
f i r s t  o rd e r  tem p era tu re  v a r ia t io n  o f th e  gage f a c to r .  S ince from Eq. 
(X I.2) i t  i s  easy  to  show th a t
ajU ir( t» ( t .o )  i s
i t - i  ~  i S  3 A-*
-  - r f  ■ ■ ¥ * “ • ►» < > - * • >  ,  i S- ~z t i sxi<-r> > it- i  ,
(X I.7)
o r fo r  $ s  0 . 5  ,
a  - 2 . 0  — ^ —  ( x i .8)
From Appendix B an e s tim a te  o f --------- - i s
JJZT * T >*1*0 (xi.9)
w ith  th e  v a r ia t io n  depending m ostly  on th e  lo c a tio n  o f  th e  Ferm i le v e l
A 8and how c lo se  ^  and a re  to  one a n o th e r. So fo r  S s  0. S ,
a  {?. 3 , and — ^  ZZ 0 . 2  we f in d
$  a  2 . 0  ,
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a  f a i r l y  ty p ic a l  value  fo r  gage m a te r ia ls .  From th i s  e s tim a te  i t  i s  
f a i r l y  c l e a r  th a t  w h ile  $ *  0* 5 m inim ized th e  tem peratu re  v a r ia t io n  
o f  th e  gage f a c to r  i t  may n o t enhance i t  much.
On th e  o th e r hand a s  J - * l  i t  i s  e v id e n t from Eqs. (X I.6) ,  
(XI. 7) th a t  th e  gage f a c to r  can become la rg e .  However, in  th a t  case 
from Eq. (XI. 3) i t  can b e  seen th a t  th e  tem pera tu re  c o e f f ic ie n t  w i l l  
a lso  be q u ite  la rg e .  We h a v e n 't  a ttem p ted  a  thorough sea rch  though th e  
param eters $ and 3t to  op tim ize th e  s ig n a l to  e r r o r  r a t i o  fo r  a  s t r a i n  
gage, b u t th i s  k in d  o f  d e ta i le d  a n a ly s is  may be w orthw hile based  on th e  
improved theo ry  d esc rib e d  below . However, th e  g en e ra l tre n d  i s  th a t  
sm all tem pera tu re  and s t r a i n  v a r ia t io n s  o f  th e  r e s i s t i v i t y  occur when 
th e  Fermi energy l i e s  in  reg io n s  where th e  im p u rity  s c a t t e r in g  r a te s  A  
a re  la rg e  enough so th e  e le c tro n s  a re  q u a s i- lo c a l iz e d .  Large v a r ia ­
tio n s  w ith  tem peratu re  and s t r a i n  occur whem th e  Fermi energy f a l l s  
n e a r  band edges, o r  between two bands as they  beg in  to  s p l i t ,  where th e  
s c a t t e r in g  r a te s  a re  sm all b u t so i s  th e  d e n s ity  o f s t a t e s ,  hence bo th  
a re  in flu en ced  by sm all changes.
The problem  w ith  t h i s  s in g le  band model i s  th a t  a l lo y s  to
which i t  m ight b e  expected  to  ap p ly , e . g . ,  nob le  m eta l a l lo y s ,  do n o t
have la rg e  enough s c a t te r in g  s tre n g th s  ( S < 6 . S’ ) to  correspond  to
th e  In te r e s t in g  ca se s . The t r a n s i t i o n  m e ta l a l lo y s ,  which do e x h ib it
la rg e  s c a t t e r in g  s tr e n g th s ,  a r e  n o t w e ll re p re se n te d  by a one band
model. Thus, w h ile  th e  theo ry  developed in  t h i s  work i s  a  n ecessa ry
f i r s t  s te p ,  i t  must be  g e n e ra liz e d , fo llow ing  th e  work of B rouers and 
35Brauwers, to  a  two band model to  be  compared a g a in s t experim ent. In
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a d d itio n  th e  a f f e c t s  caused  by random t r a n s f e r  in te g r a ls  need to  be
42 43in c o rp o ra te d  in to  th e  form alism . * Once th e se  two f i r s t  o rd e r co r­
re c t io n s  a re  made, th e  theo ry  should  be r e a l i s t i c  enough to  p r e d ic t  th e  
m ajor tre n d s  o f  experim en ts, though to  be  s u re ,  many secondary e f f e c t s ,  
e . g . ,  s c a t t e r in g  from m agnetic c lo u d s, im p u rity  c l u s t e r s ,  e t c . ,  w i l l  
have to  be Included  to  co u p le te  th e  tre a tm e n t.
\
XII. APPENDICES
APPENDIX A.
A n a ly tic a l Method o f  C a lc u la tin g  th e  
D ensity  o f  S ta te  o f  D ilu te  A lloys
From Eq. ( I I I . 18) we can d e r iv e  an a n a ly t ic a l  ex p re ss io n  fo r  
th e  d e n s ity  o f s t a t e s  o f  d i l u te  b in a ry  a l lo y s  w ith  random t r a n s f e r  in ­
te g ra ls  ,
p(E) s -  ^
t  5  S a  (  J
s  ( £ . * - 2  £ ,<  1  -  »•>)* - 2 * ,< * -« )*
(A .l)
80
I81
where
I  =s 1 # +  # (A.2)
Note th a t  a l l  s e l f - e n e rg ie s  a re  fu n c tio n s  o f  2  and th e  square  ro o ts  
must be  chosen so  th e  argument o f has  a  p o s i t iv e  im aginary p a r t  to  
g u aran tee  th e  convergence o f  th e  in t e g r a l  fcmn o f i n  Eq. ( I I I . 15 ).
We thought o f th i s  method to  c a lc u la te  f>(E) a f t e r  a l l  th e  
n um erica l e v a lu a tio n s  w ere com pleted, so no e v a lu a tio n s  s t a r t i n g  from 
Eq. (A .l)  have been a ttem p ted .
APPENDIX B.
approxim ated by
For a  pure m eta l th e  deform ation  energy p e r  atom, S * can be 
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5 a  “  J  ( +  * r )  A  (B .l)
where C i s  th e  Fermi energy r e l a t i v e  to  th e  bottom  o f  th e
band, A i s  th e  d i l a t i o n  o f th e  c r y s ta l
A a  3? « * ,  < ! ♦ * • « >  =  C „ F ( i +  21 >, <s -2>
i s  P o is s o n 's  r a t i o ,  C l( i s  an e l a s t i c  s t i f f n e s s  c o e f f i c ie n t ,  and
6  XX i s  th e  s t r a i n  in  th e  X d i r e c t io n  r e s u l t in g  from a  s t r e s s  P  in
th e  X d ire c t io n .  For an a l lo y  P o is so n 's  r a t i o  and th e  s t i f f n e s s
c o e f f ic ie n t s  a re  dependent on th e  ion  c o n f ig u ra tio n  around each s i t e .
However, th e  c o n f ig u ra tio n  averages can be found fo r  th e se  q u a n t i t i e s  
A Sso d i l a t io n s  ^  and & can be a ss ig n ed  depending on which ty p e  o f 
atom occupies a g iven  s i t e .  Thus i t  i s  p o s s ib le  to  w r ite
(B.3)
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where
=  - j  ( + « r )  ;  (b.4)
Hence, th e  s t r a i n  p o te n t ia l  e n e rg ie s  S* and S® a re  d i r e c t ly  p ropor­
t i o n a l  to  th e  s t r e s s  o r  th e  s t r a i n .
To e s tim a te  th e  r e l a t i v e  s iz e  o f  SM and £ examine some 
36ty p ic a l  p a ram ete rs , =  -  10 , *[ = 0, 3  » (  +  "**) -  10 tV"
=  |.fc  X » 5  s  a  | o “ ,a « rg S  , t h e n
5 ^  0,0 1 S . The num erica l r e s u l t s  d isp la y e d  in  th e  f ig u re s -  a re
fo r  s t r a i n  deform ation  en e rg ie s  around th e  ty p ic a l  v a lu e  a r r iv e d  a t  
h e re .
APPENDIX C.
The average shown in  Eq. ( IX .5 ) ,c c a n  be reached  in  a  more 
s tra ig h tfo rw a rd  way by combining 3  and t )  in  th e  sim ple band model Eq. 
( V I I . l ) i  L et
p ' s P + S  = 2  4
=  2  Ir»> ^
(C .l)
where
so  th e  s t r a i n  on ly  changes th e  s c a t t e r in g  s t r e n g th .  Follow ing th e  pro­
cedures in  CWS's p ap e r, Eq. (IX .5) i s  reached by s u b s t i tu t in g
e A a  € *  + s A ,
,  (E .3)
€ * =  6 *  +  S *  .
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XV. FIGURE CAPTIONS
1. S tru c tu re s  o f  l s t - s h e l l  c lu s t e r s :  (a) SC s t r u c tu r e ,  (b) b c c
s t r u c tu r e ,  (c) f e e  s t r u c tu r e .
2. S e lf -e n e rg ie s  in  th e  c lu s t e r  o f  a  S C  s t r u c tu r e  w ith  X =  . * £  ,
= 4  , S| » 0 , 6® = -  6 A = -T/z  and (a) S -  .5* , (b)
^  . Note th a t  J ,  s  ST/ s  H ** , s  s  B 0  •
S o lid  l i n e ,  r e a l  p a r t ;  broken cu rve , im aginary p a r t .
3. S e lf -e n e rg ie s  in  th e  c lu s t e r  o f a  SC s t r u c tu r e  w ith  X *  .*5* ,
* 4  , 5  * . 5  , 6 9-  and (a) J ( -  . 2  ,
(b) J ,  =  -  .2  • S o lid  l i n e ,  r e a l  p a r t ;  broken cu rv e , im aginary 
p a r t .  Note th a t  J ,  and s  Zz/z
4 . S e lf -e n e rg ie s  in  th e  c lu s te r  o f a  SC s trucu tu rew w ith  X  * .©5* ,
h ®15 =  ’/ 6  * , 6 ® =  - f c A =  and (a ) J , * . 2
(b) I t 5  —. 2  * S o lid  l i n e ,  r e a l  p a r t ;  broken cu rv e , imagin­
a ry  p a r t .  Note th a t  and Sq =  ^z/z *
5 . D ensity  o f s t a t e s  o f a SC  d i l u te  a l lo y  w ith  J s  . S , *  =  .© 5 “
and (a) I ,  s  , 2  , (b) 5 ( =  0  , (c) I ,  s  - .  2  •
6 . D ensity  o f  s t a t e s  o f  a SC d i l u te  a l lo y  w ith  S s 2 * s ,0&
and (a) I t s  . £  , (b) S\ a  O » (c) I ,  & —, 2  •
7. D ensity  o f s t a t e s  o f a S C  a l lo y  c a lc u la te d  from IATA method w ith
X  a  and 6 ® =  -  6 *  =  “  ^ 2 . • N  l a t h e
number o f  i t e r a t i o n s .
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8. S e lf -e n e rg ie s  f o r  th e  a l lo y  a t  a f i n i t e  tem peratu re  c h a ra c te r iz e d  
by 0.0075 under fo u r  d i f f e r e n t  s t r a i n s :  A curves
S A s  S ^ s O  ; B curves S *  s  s  0 .0 2 $  > C curves SAa
s  0 .0 4 $  ; D curves S * =  S *  S  0 .09 $ .  The f ig u re  i s  f o r  an 
a l lo y  w ith  X  s  0 .5 ,  $  sr 0 .8  and th e  energy  i s  in  u n i t s  o f  h a l f -  
bandw idths. The r e a l  p a r t  o f s e lf -e n e rg y  i s  denoted by th e  s o l id  
l i n e  and im aginary  p a r t  by th e  dashed l i n e .
9 . D ensity  o f  s t a t e s  under s t r a i n  co rrespond ing  to  th e  fo u r cases  in  
F ig . 8.
10. E le c t r i c a l  c o n d u c tiv ity  <T as  a  fu n c tio n  o f  Fermi energy under th e  
d i f f e r e n t  s t r a i n s  correspond ing  to  th e  fo u r cases in  F ig . 8 .
11. E le c t r i c a l  c o n d u c tiv ity  as a fu n c tio n  o f  th e  numbers o f  e le c tro n s  
p e r  atom p e r  sp in  fo r  th e  a l lo y  w ith  X  a  0 .5 ,  J  s  0 . 8  and
a  2 under fo u r d i f f e r e n t  s t r a i n s :  A curves
0 ; B curves S * » 0 .0 2  J; C curves &A s  0 . 0 4 $ ;  D curves ss 
.09 $. The th re s s  s e ts  o f  curves re p re s e n t th e  a l lo y  a t  th re e  
d i f f e r e n t  tem pera tu res c h a ra c te r iz e d  by
(a) *A .00375
(b) .0075,
(c) <*A zt .015.
12. E l e c t r i c a l  r e s i s t i v i t y  a t  v a rio u s  tem p era tu res  as  a  fu n c tio n  of 
s t r a i n  p o te n t ia l  energy p e r  u n i t  c e l l  co rrespond ing  to  th e  two 
c a se s : (a )  number o f  e le c tro n s /a to m -s p in  a  .25  (open c i r c u le s ) ,
(b) number o f  e le c tro n s /a to m rsp in  a  .5  (c lo se d  c i r c l e s ) .
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